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Toward real quantum computation:linear optics

introduction: Divincenzo criterion

After introducing some quantum algorithm and quantum computation model, We now
seriously to make it true. We need to find a proper physical system to realize the
quantum computation. There are several criterions for a proper physical system

@ there is a local system can be used to present qubit (two level system is a good
approximation)

@ the whole system can be prepared in a initial state (can be locally cooled down to
the ground state), such as |[+)®"

@ the whole gates in a universal set can be implemented, such as C'Z and local
unitary transformation

@ the outcome can be measured efficiently

@ the coherence time of the whole system is long enough to complete 10* operating
(depend on 7q/7op)

@ the different qubits is distinguishable
@ the system is scalable
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introduction: quantum computation system

based on the former criterion, there are several systems are proposed
to realize quantum computation.

@ linear optics system:
e polarization of photon can be used as qubit; long coherence
time; hybrid to quantum communication
e probabilistic two qubits gate; bad scalability
ion trap system
e local ion inner state can be used as qubit; mediate coherence
time; efficient output;good gate operation
e mediate scalability

©

Josephson junction system
NMR system
quantum dot system

e 6 o

@ Quantum Hall system
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elementary optical component

the basic particle in electromagnetic field is photon, their are several
elementary optical components in linear optics
@ single-model shift:It changes the phase of the electromagnetic
field in a given mode as

ot s Lt s .
Gy = €7t et = %], (1)

the corresponding Hamiltonian is Hy = pal i
@ beam splitter: it consists of a semireflective mirror, the light on
this mirror, part will be reflected and part will be transmitted.

bout

in 73 dout
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elementary optical component

@ the B.S evolution in operator form is

al . = cosfal +ie” sin b
bl = i€ sinfal + cos bl (2)
the corresponding Hamiltonian is
Hps = 0"}, bin + O 2,0}, (3)
@ Polarizing Beam Splitter: the splitter involved the polarization of
the photon.
bout bout
Ain Aout Ain Aout
(a) bin (b) bin
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elementary optical component

@ the relation of outgoing mode and the incoming mode

AT A1 A pt
ain,H - aout,H and ain,V — bout,V (4)
Nl N} Nl At
bin,H — bout,H and bin,V — Aout,v (5)

Due to the linear character,(or no interaction between photoes)
the two qubits gate can not be deterministic realized, it can only
be probabilistic constructed.

@ Hong-ou-Mandel effect: when two photons in separate spatial
modes interacting on a 50 : 50 beam splitter, the bosonic nature
of the electromagnetic field gives rise to photon bunching: the
incoming photons pair off together.
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two-qubit gate

@ the two-qubit CZ gate can be realized as the following

|1)

where there are Hong-Ou-Mandel interference and two box N S.
The effect of box NS like this

al0) + B|1) + [v[2) = a|0) + B1) = [7]2) (6)
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two-qubit gate

@ suppose the input state is |¢1)|p2) = (a|0) + B]1))(7]0) + d|1))
o the first Hong-Ou-Mandel interference just operate on the state
|1,1), to create state |2,0) and |0, 2)

@ two NS boxes add minus to these two state respectively.
@ The second Hong-Ou-Mandel turn |2,0) and |0, 2) back to |1,1)
o after the circuit the state will be

|®) = av[0,0) + ad]0,1) + By(1,0) — B4[1,1)

this is no longer a separate state

@ choose o = 8 =y = § = 1/+/2 the state is a maximally
entangled state, the success probability is square of the success
probability of NS
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Toward real quantum computation:linear optics

realize V.S Box

@ Now the key problem to realize CZ gate turn to realize NZ Box,
the first one is KLM proposal

) |¥')

m
10) B
X
1)

B

which is a three-port device with two ancillary mode, The
parameters 1; = 13 = 1/(4 — 21/2) and 1, = 3 — 2v/2. For any
input a|0) 4+ B|1) 4 ~v|2),this Box success with probability 1/4
when the detector D; and D, detect zero and one photon.
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Toward real quantum computation:linear optics

realize V.S Box

@ a simplified proposal is Ralph and White's proposal

2
|
T\’n !

ey

A A
L
T i m m

y

s>—D

N

this scheme is just need two beam splitters, and the success
probability is (3 — v/2)/7

@ There is a polarization version of RW proposal which change
beam splitter by polarization rotations. This proposal is more
convenient for experiment

quantum simulation group (USTC) Spring 2011 10 / 71



realize NS Box

@ suppose the input mode is ay

(o + Bal, + Jal7)bl,
— [+ 5cosaaH + 5sina&L
+v/v/2(cos 0%a? + sin 20dk,al, 4 sin? oal?)]b!,

— [+ Beosail, + 2 f cos o2a7]bl,

— [a 4 B cos o(cos Bl + sinbal,) + 75 cos o2 (cos Baly + sin fal,)?)

(-sin fal, + cosfal,)
— [accos a|0) + B cos o cos 20|1) + v cos o2 cos (1 — sin? 30)|2)

@ let ¢ = 150.5° and # = 61.5°, this scheme will yield the N.§
gate with success probability (3 — v/2)/7.
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to scalable quantum computer

@ Though the realize of universal gates, the direct quantum
computation is still impossible due to the bad scalability of the
probabilistic two-qubit gate. The success probability will
exponentially decay with the number of two-qubit gates.

@ There are several methods to overcome this problem:

KLM protocal

Yoran-Reznik protocol

Nielsen protocol

Browne-Rudolph protocol

Duan protocol

the first one is based on teleportation trick to built a scalable
quantum computer. The rest protocol are based on one-way
computer of cluster state.
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At first, we recall some properties of graph states, these properties
make key roles in the protocol

@ If we have two chains of cluster states each with n qubits, we can
join them to form a 1D cluster state of 2n qubits by successfully
applying a C'Z gate on the end qubits of the two chains

o If we destroy the state of an end qubit of an n-qubit cluster
chain, for instance, through an unsuccessful attempt of the CZ
gate, we can remove this bad qubit by performing a Z
measurement on its neighboring qubit, and recover a cluster
state of n — 2 qubits.

@ We can shrink a cluster state by performing X measurements on
all the connecting qubits

A character of the linear optical C'Z gate is critical: we can
determine that the gate success or not
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Duan protocol

A

CPF
0—0—0—0—0—0—*—‘1\0’;‘ |:> ——r—0—0—0
Noise
C

P o

Now we use these properties to construct 1D cluster state

e If we have two sufficiently long cluster chains each with ng qubits, we
connect them through a probabilistic C'Z gate. If it is fails, we can
delete these destroyed qubit by Z measurement. And we get two
ng — 2 qubit chains.

@ repeat
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Duan protocol

By the former method, the average number of connected chain is

no/2
m =Y 2(ng—20)p(1—p)' ~2no —4(1 —p)/p (7)
=0
where the approximation made under the condition e~"0?/2 < 1. This
equation set a critical value n. = 4(1 — p)/p, when ngy > n,. the
number of chain qubit will increase.

o For the rth(r > 1) round of successful connection, the chain length
n,., the total preparation time 1" — r, and the total number of
attempts M, scale up respectively by the recursion relations
Ny =2n,_1 —ne, T, =Ty + to/p, M, = 2M,._1 + 1/p where t,
denotes the time for each attempt of the C'Z gate.
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Toward real quantum computation:linear optics

Duan protocol

T(n) = To + (ta/p) loga[(n — nc)/(no — nc)] (8)
M(n) = (Mo +1/p)(n —nc)/(no —ne) = 1/p (9)

where Ty and M, are time and attempts of the probabilistic gates to
prepare cluster chains with ng qubits respectively.

@ Now we turn to construct a cluster chain with ng > n. qubits, The
chain with ny > n. qubits can be generated by repeater protocol.

o divide the task into m = logon steps

o For the ith step, building a 2¢ — bit cluster state by connecting two
2i=1 _ bit cluster through probabilistic a CZ gate.

o if it is failed, repeat from the beginning.
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Duan protocol

@ The scaling of this preparation can be obtained as following

e For the ith step, the recursion relations of preparation time 7; and
attempts M; is

T; = (1/p)(Ti-1 +ta) (10)
M; = (1/p)(2M;—1 + 1) (11)

with initial condition 71 = t,/p and M; =1/p
e so get the scaling

T(n) = to(1/p)"s2" (12)
M (n) =~ (2/p)*>" /2 (13)
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Duan protocol

@ connecting the former two section results to get the final scaling of
preparation cluster chain with n qubits

T(n) == to(1/p)°%""" + (to/p)loga(n — n) (14)
M(n) =~ (2/p)* 52 (n — n,.) /2 (15)

To realize quantum computation, we need to construct a 2D cluster
state from 1D cluster chains

@ First, We construct some '+’ shape state with long enough tails
@ connect different '+’ shapes by C'Z gate and X measurements

@ connect these centers qubits to form a complex lattice
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Duan protocol
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Duan protocol

@ How many legs in a '+’ shape is enough? For a n; qubits leg, we can
do n;/2 times probabilistic C'Z gates and the success probability is
pe =1— (1 —p)™/2. To form a square lattice with N qubits, we need
2N connection operations and the success probability is p*V. If we
require the probability is sufficient large 1 — ¢, then

n, ~ (2/p) In(2N/¢).

@ Finally, the scaling to preparation the 2D cluster state is

T(n) ~ t,(1/p)= /=3 1 %logg(%[ln(QN/e) 1)+ %m(zN/g)

M(n) = (2/p)* 8P N[In(2N/e) — 1] + 2N/p
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Duan protocol

@ arxiv: 0502120

e RMP 79,135 (2007)

quantum simulation group (USTC) Spring 2011 21/ 71



introduction pauling trap
@ Since there is no minimal point in electromagnetic field, there is no
way to confine a charged ion in static field

@ using the Rf to make the potential quickly rotation, then can trap the
ion.
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Toward real quantum computation:ion trap

introduction pauling trap

@ the static potential in this setup is given by
Dgc = kUp[2* — (2 + y%)]/2 (16)
@ the radiofrequency potential on the other two poles is

D, = (VocosQpt + U, ) (1 + (2% — y°)/R?) /2 (17)

@ The combination of this to potential, on average, will be a harmonic
trap and w,,w, > w, typically.

@ the hamiltonian of ions trapped in the trap is

M Iz ¢?
H = — (W32 202 2,2 !
; 9 (wy; twyy; Twizp o+ VE ) +ilzj>i Imeo — 7]
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Toward real quantum computation:ion trap

introduction pauling trap
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cooling in trap

To realize quantum computation, we need use the vibrational mode
(phonon), and the system satisfy some conditions

@ the system is isolated enough to make the state of the system stable.

@ we must cooling the system to low temperature, such that the former
harmonic approximation is good and the ions in the ground state

e doppler cooling: limit kgT ~ hI'/2

e sideband cooling

then we can reach kT < hw,

@ Lamb-Dicke criterion should be satisfied:the width of the ion
oscillation should be samll compared to incident light wavelength
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cooling in trap

that is

27\/h/2N Mw (18)

A

n=2mwzy/\ =

Internal External

2
wo i c ‘“\2‘/‘
Spontaneous v I |0}  Phonons
———|9)
4)>

e, 2

wo lg,2)

lg, 0)
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Toward real quantum computation:ion trap

quantum computation

@ qubit: two internal states of a cooling ion
@ bus: phonon

@ preparation a initial state: Doppler cooling and sideband cooling
@ universal gates:
e one-qubit unitary: an ion interact with laser described by J-C model

e two-qubit gate: two ions interact by phonon

@ measurement: Using laser to pump ions on the ground state to an excited state and
observe the spontaneous emission which can be detected with almost 100%.

—_—
driving —le>
detection /
pulse
lg>
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Toward real quantum computation:ion trap

ions dynamics

@ there are N ions in the trap,since w,,w, > w,, the trap on the x and
y direction are much stronger than z direction. we suppose the ions
can only move on the z direction, then the the Hamiltonian is
reduced to one dimensional situation

lez
V= Z—w £y

Ameglr; — 7
1=1,7>1 O‘Z J

L:T—V

similar as the lattice dynamics in solid physics, the ions will stay at
the equilibration point and vibrate near that point
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o enaw el quEninR compuEden e Gap |
ions dynamics

@ we can approximate the potential function V' near the equilibration
point as

V(zi+q(t), 22 + @t), ..., 2v + an(1),)
N

o _ oV
:V(21,227...,ZN) + Zaz—(t)hm:oqm(t) (19)
m=1 m

N
1 2V
2 n;q W’qm’qnzo%n(t)qn(t) + ..

Since 2z, 2o, ..., 2y is the equilibration point, %bmzo =0, then
the L can be expressed as
L(Qma Qm = M i Qm -3 Z Vanan (20)
2 m=1 n,m=1
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Toward real quantum computation:ion trap

ions dynamics

@ where V,,,,, is a Hessian matrix with definite positive character

@ the dynamics of the trapped ion is governed by the Lagrange
equations

d OL OL
——— —=—=0 (21)
dt 9gr,  Oqx
e let the solution of ¢, with the form Cie™™*, and we get
|w3Vkl — V25kl| =0 (22)

Generally, there are up to N nonnegative solutions v and the
solution of ¢, has the following form

N
o= DpQa(t)  k=1,2,.,N (23)
a=1

where Q,(t) = C,e ™" And D¢ is the eigenvectors of matrix V' by
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ions dynamics

N
> ViaDf = paDy (24)
k=1

@ insert the expression of ¢x(t) into the Lagrange to get
N

2
_ 2 : 2 12
L= 5 (Qa - VaQa)
a=1
where v, = w,\/lla, Q. and v, are named normal modes and normal
frequencies respectively

o if define the canonical conjugated to Q, is P, = mQ,, then

1 & 1 &
H:— P2 _ 22
2ma2:; a+2m;VQa
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Toward real quantum computation:ion trap

ions dynamics

@ introduce creation and annihilation operator by

N h
_ @t
Qa — Qa 2mua (aa + aa)
~ . hml/a ~ T ~
P,— P, =1 5 (o' — ay)

@ then the quantized hamiltonian will be

N
- 1
H=>" hvg(da'ds + 5) (25)

a=1

this is the quantum form of the ion trap system.

@ the express of the position is
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Toward real quantum computation:ion trap

laser-ion interaction

N
] o [
5(t) = 5+ ) DY) 5 (! + da) (26)
a=1 @

N
=5+ > Kd, +dy) (27)
aq
where K& = D% /(11q)' /4 and 2y = Vh2mw,
Now we turn to implement the one-qubit unitary gate on this system,
we use the laser to interact with a ion

@ a laser with electromagnetic field
E = Eyécos(wrt — R.G+ ¢) (28)
where € is a polarization vector
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Toward real quantum computation:ion trap

laser-ion interaction

(wr

[oY;

v
v
. o @ @ @@ @—
ion 9 o

J1 J J+l

beam

trap

@ the interaction between ion and electromagnetic is dipole inter action
V}' = —qe’f_';E(t,R])

@ insert the expression of position into the interaction formula to get

. N _ * A Eog —ifw _m. &' a .
Vi = =ael(Teg) 045 + (Teg)jo—5]. = e lort=n; (@051 4 [1.0]
where (7o) = (e;(759;5), 045 = le;)(g;]
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Toward real quantum computation:ion trap

laser-ion interaction

@ the free Hamiltonian of the jth ion is
Hoj = % + hVCAlTCAL

where we just consider the lowest mode of the phonon which is named COM and
V=w,

@ transform the whole Hamiltonian to interaction picture to get
;= Uo'v;Us
_hA; (6t e + e~ e 0t 4+ H.CO
= TUHexp[mj(a e + ae )]e + H.C.
where \; = —qe Fo[(7eq);.6le "% /R
@ let the detuning § = wr, — wo = kv, then the final Hamiltonian can be
n,k

N Q;
;= 1Y (=5 (les)gs| @ I+ k) + H.C)

n
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laser-ion interaction

@ the corresponding unitary evolution operator is

| n,kt

N Q
U = cos(—5 ) 1051 Q) I + )+ 1D + (s ey )

25"

(195 (e &) In + [K]) (n)e ™%
|k|—1
+ (lej) (91l @) In) (n + [Kl])e +Z (les) (el Q) In)(nl)
@ where Q;‘k is called Rabi frenquency. For control the time of evolution, we can
e A 47 — pulse returns the system back to its initial state.
e A 27 — pulse changes the sign of the state.
o A m — pulse imply change of the |e;) and |g;)
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laser-ion interaction

@ In quantum computation, we just interesting the case when kK = 0 and k = —1, So the
unitary evolution can simplified as

A; = E:COS(Mi )(les) (e @) In) (nl) + (19:) (g1l @) In) (n])]

=3 sin ) 0| @ b e
+ (lgs) 6j|®|n )(n])e™]

:Zcos<'A;' Ji(leshesl @ 1) ) + (lgsas| G n -+ 1)+ 1))

—zzsm ){(es) (g5 Q) In) (n + 1])e ™%

+ (19s) €j|®|n+1 Ynl)e™7] + 1g5) (g5l @) 10)(0
where [A7| = |);| and|B}| = |A\j|n;v/n + Lunder the Lamd-Dicke limit.
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Lamd-Dicke limit

@ The Lamb-Dicke limit corresponds physically to the situation where the spatial
extent of the vibrational motion of the ion zg is much smaller than the
wavelength A of the laser, where n; >~ kzp and k = 21 /A

@ We may rewrite the Lamb-Dicke parameter of the j ion of N ions in the COM
mode to the form 77J2» = E,./hw,, where E, = h2/2mN is the recoil energy. It can
be shown that the trapped ion emits spontaneously photons of the average
energy hw — E,., where  is for the atomic frequency. Taking into account the
Lamb-Dicke limit (E, < hw,) we may say that during the spontaneous emission
the change in the vibrational state of the ion is very unlikely. In other words, the
trapped ion in the Lamb-Dicke regime decays spontaneously mostly on the carrier.

@ The Lamb-Dicke parameter for a single trapped ion equals to 77 and for an ion

from the string of N ions in the COM mode is given as 7; = 7/v/N. It means
that we can reach the Lamb-Dicke limit for N ions even n‘/the limit is not fulfilled
for single ions.
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one-qubit gate

@ the one-qubit gate can be realized by the former unitary transformation when k& = 0 by
parameter t = Iw/|\;| and ¢; — ¢; + 7/2, that is

Zcos )(les)tesl R 1n) (nl) + (195951 ) In) (n])]
—|—Zsm )[(le5) 93|®‘” (n|)e
+ (lg5) e Q) I (n])e®7]

this unitary corresponding to the rotation matrix

cos(6/2 €' sin(0/2
(fe_i¢(sir/1(6)'/2) cos(e(/z/) )) (29)
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two-qubit gate

@ to realize a two-qubit CNOT gate, we need an auxiliary internal level |r)

@ using two laser with frequency wg? = (Ee — Eg)h and w(? = (E, — Eg4)h, the evolution
with k£ =1 is given

B“—COS M(les) 6J|®|0 (o) + |9J><9J|®|1 (1]
—isin(—-)[(le;) 9J|®|0 (1])e
+ (1g5)¢ €j|®\1 }0De ] + 1g;) {951 ) 10)(0

- l7r

11T

Bj :cos— |7“]' Tj\®|0 )(0[) + (lg5)¢ 9]|®‘1><1D]
—asin(—)[(|r;)( gj\®|0 y(1])e —id;

+ (95 le@\l (0D)e™7] + lg5) 4951 @) 10)(0

where we only consider the case n = 0 and n = 1, we neglect the higher level.
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Toward real quantum computation:ion trap

two-qubit gate

@ the CNOT can be realized by the following evolution operator sequence on qubit m1
and m2 A1/2( VBLI BRI B, 1A1/2( 0)

ml<im2

where Aé defined in the one-qubit gate case

@ BIB2Y B operate as a CZ gate

Bl I BQ.II ,@l.[

mi mo ~may
|(/m1>|(/771;>‘0> _— |f/7711>‘(/m>>‘ )> — ‘Jm1>‘(/m;>|0> _— ‘.(JHH >‘JV7N> 0>
‘/rm>“mz>‘()> 4’ .‘U’m )e le>‘ > _— ‘(/nn>|( N!z>|()> _— |gm.)]e ”12>‘(>
|( 771|>|(]”1_>>‘U> _— 71‘",(/nu>‘qmz>‘ > — {‘!]Y??l)‘(}7llg>| > — ‘(:nu>‘(]r7zg> (>
lemi)ems)0) — —ilgmi)ems) 1) —  —ilgmi)lema)1) — —lem;)|em,)]0)

@ finally, the CNOT be realized by local unitary transformation Aé-s.
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decoherence in ion trap

@ motional state decoherence

e instability of trap parameters

e We also have to count on (i) the micromotion, (ii) the Coulomb
repulsion between the ions making the motional modes (except the
COM mode) anharmonic in reality and (iii) stray electrode fields
causing possible excitations of the ion motion

o We have considered just a single motional mode in our approach, but
there are also other 3N . 1 modes present and the cross-coupling
between the modes appears.

e inelastic and elastic collisions with the background gas, even though
experiments are carried out in an excellent environment (p ~ 1078 Pa)
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Toward real quantum computation:ion trap

decoherence in ion trap

@ Internal state decoherence, The type of the decoherence discussed here can be
eliminated by a proper choice of metastable excited states with long lifetimes.

@ Operational decoherence

e the pulse duration and the phase adjustment is not exactly

o Due to the laser spatial intensity profile, there is a probability (if the

ions are spaced too closely) that the state of a neighbouring ion will
be affected

e off-resonant transitions are always present and we have to control the
laser power very carefully to avoid their excitations.
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decoherence in ion trap

arxiv: 9608011.

arxiv: 011204.

arxiv: 0809.4368.

RMP 75, 281 (2003).

RMP 82, 2609 (2010).

PRL 74, 4091 (1995).
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Toward real quantum computation:noise and decoherence

introduction

@ there are two effects of the environment for a quantum system

o dissipation of the energy which denotes by T}
e decoherence which denotes by T5

Generally, T5 < T7. But for some special decoherece mechanics this will not be
true.

@ the main difficulty on the road to quantum computation is decoherence
@ decoherence plays a key role in connection quantum world and classical world

@ the decoherence will turn a superposition state to a ensemble, that is, make the
quantum computation to classical computation.
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decoherence

@ For a general quantum state, it can be expressed as a density matrix,

P11 P12 - Pln
P21 P22 ... P2n
Pnl Pn2 - Pnn

@ the non diagonal elements p;j,i # j describe the coherent. Decoherence will
make the non diagonal element disappear, and the character time is T7. while the
character disappear time of the diagonal term is named 75

@ For a multiqubit system, the decoherence of different qubits may be cooperate or
just the same.

@ the theoretic tools for decoherence is master equation and lindblad equation.
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Toward real quantum computation:noise and decoherence

decoherence

the decoherence is due to the environment, so we can transform overcome it by
considering the whole system

@ Operator-sum representation

p(t) = U (p(to) @) l0)(0)T"

where p(to) is the initial state of the system A and |0) is the initial state of system B,
U is the evolution operator of the whole system

pa(t) =Trp(p(t))
BT (p(to) ) 10)(0)) U [b)

=20
— S (blT10) (5(t0) (DT 1)

Let M, = (b|U|0) , then 3=, M My = I. So the evolution of system A can be written
as

pt) = 37 NI} plto) N,
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decoherence

@ the evolution operator Mjs are not unique, there are many sets satisfy

the different operators satlsfy the condition
= Z UsaNa
where U is a unitary operator
generally, the evolution operator $ satisfies the following
o $ preserves hermiticity: p(t) is hermitian if (o) is
o $is trace preserving: Tr(p(t)) = 1 if Tr(p(ty)) =1

o $ is positive: p(t) is nonnegative if p(to) is

o $is linear

qsitive

C D olanle
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Toward real quantum computation:noise and decoherence

decoherence

@ Lindblad equation: from the former operator-sum representation

pal(t T 1 1
at( ) - —pHa, pa®)] + D (LupLl = 5pLi Ly — 5 LiLup)
n#0
which has a form expression as
0pa(t) R
=L t
2 = Lipa(t)

L is named Lindblad operator
@ Example: Harmonic oscillator the Hamiltonian of this system is
Hy = hwa'a
@ the damped interaction between the harmonic oscillator and heat bath as

H =1 gi(abl +a'b,)

If suppose the heat bath is in zero temperature, the system can cascade down by
emission photons, but no photon is absorption by the system, then there is only one

Lindblad operator

quantum simulation group (USTC) Spring 2011
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decoherence

L1=+Ta

then the master equation in Lindblad form is

pa i 1 1
T —ﬁ[HA,pA] + T'(apa’ — §paTa - iaTap)
transform this equation to the interaction picture as
ﬁ(t) _ e—iHAtﬁI(t)eiHAt a(t) _ e—iHAtaI(t)eiHAt

then . 1
pi(t) =T(arpra} — gﬂfa}af - ia}aml)
the the evolution of the operator is

8<8at1> = %Tr(am[) = tr(arpr) —iwTr(arpr)
1 1 ]
= Ttr(ajpra} — jarprajar — garajarpr) — iwT'r(arpr)

2 2

= Str(la},arlarpr) — iwtr(arpr) = (5 — iw)a)
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decoherence

now get the solution
(ar) = e=2'e" (as(0)) (32)

it shows that there is an exponentially decay of the average value of a;. On the other
hand

d{n) 0
Bl S
ot ot r(arfarpr)
1 1
= T'tr(a}a?pral — iazTazpza% - 5(‘1}&1)%1)

=Ttr(a'[a}, arlarpr) = —T(n)
that is, (n(t)) = e T (n(0))

@ if the interaction with the form

H =h(>_ gi(blbi)a'a

the some method as the former case to interaction picture

. 1 1
pr =T(a}arprajar — gpf(a}aI)Q - g(a}af)gm)
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three quantum channels

if expand the density matrix p in the occupation number basis as pnm|n)(m/|, the
master equation will be

Prnm = DL(nm — ln — fm2)pnm

= _5(774 - m)2p7wn

which give the final results as
1 2
prm(t) = prm (0)ezp[—5T't(n —m)7] (33)

there we will introduce three decoherence models for single qubit, these channels are
widely used to discuss the decoherence problems.

@ three type of error for channel: bit flip (o );phase flip (c-);both (oy)

@ Depolarizing channel: the qubit in this channel has probability 1 — p to remain intact,

while with probability p an error occurs. The error can be of any one of three types, and
the three types have equally likely.
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three quantum channels

@ Unitary representation

U: ) @10) = \/1—p|¢>®|0>+_zcnlw>®li>

@ Kraus representation

Mo = +/1—pl, Mlz\/g,(fz My = \/gay, Ms = \/gaz

then the evolves of the density matrix is
/ p
p=Q0-pp+ g(UacPU:c +oypoy + 0:po-)

@ phase-damping channel: This case is particularly instructive because it provides a
revealing character of decoherence in realistic physical situation.
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three quantum channels

@ Unitary representation

0)r — /1 —p[0)al0)r + /p|0)a| 1) E
0)r — 1 —p|l1)al0)e + /p|1)al2)E

@ Kraus operators representation
0 0 0
=Vi-pl M = (0 0) M :\/13(0 1)
then the evolves of the density matrix is
p) = Z MipM;

1 poo O
=(1 p)p+p<0 pn)
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Toward real quantum computation:noise and decoherence

three quantum channels

((1 —p(:)DO)Plo “ _/?1p1)p01)

the off diagonal terms of this channel will be exponentially suppressed by
1-p"=01- FAt)t/At — e Tt

@ Amplitude-damping channel: it is a schematic model of the decay of an ex cited state of
a "two-level’ atom due to spontaneous emission of a photon.

@ Unitary representation

[0Y4]0) — 0)4|0) &
[1)al0)e = /1 —p|1)a|0)E + /pl0)a|l)E

@ Kraus operators representation

(s ) e )

evolution of the density matrix
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three quantum channels

o =8(p) = 3 MipM,

)

(/)00 +ppun V1-— pPo1)
VI—ppio (1 —p)pn

the evolution of this process will make the item p;1 decay as

P11 — (1 - p)npll
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Toward real quantum computation:error correction code

@ the decoherence is the big problem to realize quantum computation, we need
some technical tools to overcome this issue.

@ In classical computation, if the bit under a binary symmetric channel (it has
probability p to flip), then we introduce two more copy bit to encode the
information as

0 — 000 1—111
this type of decoding is called majority voting, the probability of two or more bits
flipped is 3p?(1 — p) + p°

@ the classical methods can not be extended to quantum case directly

e Non cloning theorem. there is no way to copy any quantum state
exactly.

e the errors in quantum case are continuous. It seems to determine the
errors will need infinitely precision.

e measurement will destroy quantum information.
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Toward real quantum computation:error correction code

@ it looks like the quantum error-correction code is impossible in this way.
Fortunately, the quantum error correction code can be designed carefully. As a
simple example, we will introduce two simple codes which can detect and correct
for some special error

@ three qubit bit flip code: the encoding is
0) — [02) = [000) 1) — [1) = [111)
so a single qubit state a|0) + b|1) encode as a|000) + b|111)

@ error-detecting (syndrome diagnosis): the corresponding measurement operators
are

Py =|000){000| + |111)(111| no error

P; =1100)(100| + [011)(011| flip on the first qubit
P, =1010)(010| + |101)(101] flip on the second qubit
P53 =1001)(001| + |110)(110| flip on the third qubit
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Toward real quantum computation:error correction code

@ another kind of error-detecting (syndrome diagnosis):the corresponding operators are;

7125 = (100)(00] + [11)(11]) @) I — (|01)(01] + [10)(10]) (X) I
Z2Z3 = T (Q)(|00)(00] + [11)(11]) — I )(|01)(01] + [10)(10])

which used to compare the neighboring bit and there are 4 different outcomes: (1,1) —
no bit flip; (—1,1) — the first bit flip;(—1, —1) — the second bit flip;(1, —1) — the
third bit flip.

@ recovery: Using the measurement result, we do the corresponding bit flip. 0-do
nothing;1-flip the first qubit;2-flip the second qubit;3-flip the third qubit

@ three qubit phase flip code: the encoding is
0) = [0z) = [+ ++) ) —=[1)=]——-)

where |+) = %(|0> =+ |1)) which can be explained by encoding in bit flip code first,
then operate H on each qubit
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Toward real quantum computation:error correction code

idea

@ error-detecting (syndrome diagnosis): the corresponding measurement operators are:
X1X2, X2X3. There are four different outcomes and the similar correcting processes as
before.

@ The Shor code: this code can be used to correct any error on a single qubit. The
codewords of this encoding is given by

000) + [111))(]000) + [111))(|000) + |111))

2v2
|000) — |111))(]000) — [111))(]000) — |111))

2v2

this encoding is a concatenation process to combine phase flip code and bit flip code.

10) = o) = ¢

1) - 1) = ¢

@ error detecting and correcting: this code can used to correct phase and bit flip errors on
any qubit. The corresponding operator to measurement and be used as syndromes.
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classical coding theory

The former three examples give some idea about quantum error-correcting code. In the
following, we will turn to general theory of constructing quantum codes

@ A linear code C encoding k bits information into n bit code space is denoted by an
n X k generator G, called [n, k] code.

@ the k bit information z (a column vector) is encoded into n bit space by Gz

1
example: for generator G = {1] the codeword is G[0] = (0,0,0)7 and
1

G[1] = (1,1,1)7.

@ there is another way to define the linear codes by parity check matrix:

Hx =0

where H is an (n — k) X n parity check matrix, z is a n-element vector. That is, the
codes is the kernel of H.

@ these two ways can be connected by the following way. H — G pick k linearly
independent vectors y1, Y2, ..., Yr spanning the kernel of H, the k colums of GG is from y;
through yx. G — H:pick n — k linearly independent vectorsyi, y2, ..., Yyn—kr orthogonal
to the columns of G, H's rows are yi ,y3, ...yl ..
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classical coding theory

1
example of G — H: for generator G = <1 the parity check matrix is construct by two
1

linearly independent vectors orthogonal to the column of G,

=i )

now we introduce several useful concepts in linear code theory

error syndrome: let the code of = is y = Gz, if there is an error e make y' = y +e¢. The
error syndrome is Hy' = He, different error ¢; have different syndrome He;.

Hamming distance between two codes x and y is defined to be the number of bits at
which z and y differ, denoted as d(z,y)

Hamming weight of a code x is defined to be the distance from the string zero, that is
the number of 1 in x.

@ distance of a code is defined to be
d(C) = i d = i t
(©) =, mn dey) = i wi)
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Toward real quantum computation:error correction code

@ if the code satisfy d(C') > 2¢+ 1, it is able to correct errors on up to ¢ bits. That is, the
corrupted encoded message y' is the unique codeword satisfying d(y,y’) < t.

CSS codes is an important subclass of general quantum codes which can be constructed
through classical linear codes
@ Ci and C5 are [n, k1] and [n, k2] linear codes such that Cs € C; and Cy and Cs-
both correct ¢ errors. Then we can define an [n, k1 — k2] quantum code which can
correct errors on t qubit. Suppose z € (' is a codeword in Cy, the quantum state
|z + C2) can be defined as:

1
\$+C2>:‘CT| Z |z +y)
y€Cs

@ It is clear from the definition that |z + Cs) = |z’ + C2) when 2’ — z € Cs. That
is, the code is dependent of the coset of C1/C>

@ For two different coset of Cs, the corresponding states |z + C2) and |z’ + C5) are
orthogonal.

@ the dimension of CSS code is|C1|/|Cz| = 2"17%2, so the CSS code is an
[n, k1 — k2] quantum code.
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Toward real quantum computation:error correction code

CSS codes

The CSS code can error-correct up to ¢ bit and phase flip error. Suppose the bit flip
errors denoted by e; with 1s where the bit flip occurred,the phase flip errors denoted by
e2 with 1s where the phase flip occurred. The corrupted state of the initial state
|l’ + CQ> is

1

> (—D) ez 4y 4oep)
V |C2| y€eCs

To detect and correct bit flip errors:

@ Introduce an ancilla (initially in zero) containing enough sufficient qubit to store
the syndrome for code C

@ Using reversible computation to apply parity matrix H; for the code ' to make

|z +y+e1)|0) = [z +y+e)|Hi(z+y+er)) =[x +y+ei)|Hi(er))
and get the state

T 2 GOy el (@)
2l yeo,
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Toward real quantum computation:error correction code

@ measurement the ancilla to get the result He; and discard the ancilla, and get the state

1 x €
> (DE Sty e

Vv |C2| yeCsa

@ knowing the error syndrome He; infer the error e; since Cy can correct up to ¢ errors.

@ recovery: apply NOT gates to the qubits at which positions in the error e;. Then get
the state

(I+y)~€2 \m + y>
e 2

To detect and correct phase flip error
@ to apply Hadamard gates to each qubit, the state will be

\/W T3 (m1) et

z yelCq

Col2n S N (— Y- = |2/ + e2) setting 2’ = 2 + eo

quantum simulation group (USTC Spring 2011 65 / 71



Toward real quantum computation:error correction code

@ supposing z' € C3-, the state can be written as

x.z’ /+
N ZC 4 ea)

this is the form of the bit flip error of e2 which can be correct by the same way as the

former way. And get the state
V ‘C2|2n /ECJ‘
@ applying Hadamard gates to each qubit and complete the error-correction.

A CSS code example:Steane code
a [7,4,3] Hamming code labeled by C' with parity check matrix

00001111
011 0 0 1 1
1 01 0 1 0 1
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Toward real quantum computation:error correction code

@ Let C; = C and Cy = C*. We can verify that the parity check matrix of Cs is:
1 0 0 0 0 1 1
B r [0 1001 01
HG]=GC =10 010 1 1 0
0 0 0 1 1 1 1

@ it can be verified that the span of the rows of H[C5] strictly contains the span of
the rows of H[C4]. And the Cy and C> are distance 3 codes which can correct
errors on 1 bit.

@ Based on the method of CSS code constructing, C1 and C3 can construct a [7,1]
quantum code named Steane code:

0+ Ca) — |02) =—=[|0000000) + |1010101) + [0110011) -+ [1100110)

f
+10001111) + [1011010) + [0111100) + [1100110)]

0+ Ca) — |11) z%[umm) +10101010) + |1001100) + [0011001)
+]1110000) + [0100101) + [1000011) 4 |0010110)]
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stabilizer code

@ Suppose S is a subgroup of pauli group G,, and define V; to be the set of qubit
states which are fixed by every element of S.

@ Suppose S = {¢g1,...,91) and g1, ...,g; to be independent. we can present the
generators of .S in parity check form which is a [ X 2n matrix M. The left [ x n
matrix corresponding the operator of x and the right [ x n matrix corresponding
the operator of z.

@ Let S ={(g1,...,q;) be such that —T€S, the generators are independent if and
only if the rows of the corresponding check matrix are linearly independent.

@ example of stabilizer code: the stabilizer for the Steane qubit code

gr: ITTXXXX ge: IXXIITXX
gs: XIXIXITX ga: 11127277
gs: 12721177 g6 217217217
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stabilizer code

the corresponding check matrix

0001 1110000000
01 100110000000
1010101000000 0 »
000000O0O0O0GO0TIT1T11 (34)
000000O00TI1100T11
000000O0T10T1G0T10 1
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toric code

we can define a set of stabilizers as

A= ][] & B= I 3

jEstar(s) j€boundary(p)

define the vector space |¢) as

AslY) = |¥) Bsly) = |¢)

(35)

when the corresponding geometry have genus, the corresponding vector space is

topological protected.

quantum simulation group (USTC)
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Toward real quantum computation:error correction code

@ the operating of the stabilizer code

: c
E - S| e
[ i el et EEE R R
@
C,, G
@ the topological of the code
- - _c_ -_
! 1
! 1
(!
! 1
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