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Toward real quantum computation:linear optics

introduction: Divincenzo criterion

After introducing some quantum algorithm and quantum computation model, We now
seriously to make it true. We need to find a proper physical system to realize the
quantum computation. There are several criterions for a proper physical system

there is a local system can be used to present qubit (two level system is a good
approximation)

the whole system can be prepared in a initial state (can be locally cooled down to

the ground state), such as |+〉
⊗
n

the whole gates in a universal set can be implemented, such as CZ and local
unitary transformation

the outcome can be measured efficiently

the coherence time of the whole system is long enough to complete 104 operating
(depend on τQ/τop)

the different qubits is distinguishable

the system is scalable
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Toward real quantum computation:linear optics

introduction: quantum computation system

based on the former criterion, there are several systems are proposed
to realize quantum computation.

linear optics system:
polarization of photon can be used as qubit; long coherence
time; hybrid to quantum communication
probabilistic two qubits gate; bad scalability

ion trap system
local ion inner state can be used as qubit; mediate coherence
time; efficient output;good gate operation
mediate scalability

Josephson junction system

NMR system

quantum dot system

Quantum Hall system

quantum simulation group (USTC) Spring 2011 3 / 71



Toward real quantum computation:linear optics

elementary optical component

the basic particle in electromagnetic field is photon, their are several
elementary optical components in linear optics

single-model shift:It changes the phase of the electromagnetic
field in a given mode as

â†out = eiφâ
†
inâin â†ine

−iφâ†inâin = eiφâ†in (1)

the corresponding Hamiltonian is Hφ = φâ†inâin
beam splitter: it consists of a semireflective mirror, the light on
this mirror, part will be reflected and part will be transmitted.
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Toward real quantum computation:linear optics

elementary optical component

the BS evolution in operator form is

â†out = cos θâ†in + ie−iϕ sin θb̂†in

b̂†out = ieiϕ sin θâ†in + cos θb̂†in (2)

the corresponding Hamiltonian is

HBS = θeiϕâ†inb̂in + θe−iϕâinb̂
†
in (3)

Polarizing Beam Splitter: the splitter involved the polarization of
the photon.
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Toward real quantum computation:linear optics

elementary optical component

the relation of outgoing mode and the incoming mode

â†in,H → â†out,H and â†in,V → b̂†out,V (4)

b̂†in,H → b̂†out,H and b̂†in,V → â†out,V (5)

Due to the linear character,(or no interaction between photoes)
the two qubits gate can not be deterministic realized, it can only
be probabilistic constructed.

Hong-ou-Mandel effect: when two photons in separate spatial
modes interacting on a 50 : 50 beam splitter, the bosonic nature
of the electromagnetic field gives rise to photon bunching: the
incoming photons pair off together.

quantum simulation group (USTC) Spring 2011 6 / 71



Toward real quantum computation:linear optics

two-qubit gate

the two-qubit CZ gate can be realized as the following

where there are Hong-Ou-Mandel interference and two box NS.
The effect of box NS like this

α|0〉+ β|1〉+ |γ|2〉 → α|0〉+ β|1〉 − |γ|2〉 (6)
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two-qubit gate

suppose the input state is |φ1〉|φ2〉 = (α|0〉+ β|1〉)(γ|0〉+ δ|1〉)
the first Hong-Ou-Mandel interference just operate on the state
|1, 1〉, to create state |2, 0〉 and |0, 2〉
two NS boxes add minus to these two state respectively.

The second Hong-Ou-Mandel turn |2, 0〉 and |0, 2〉 back to |1, 1〉
after the circuit the state will be

|Φ〉 = αγ|0, 0〉+ αδ|0, 1〉+ βγ|1, 0〉 − βδ|1, 1〉

this is no longer a separate state

choose α = β = γ = δ = 1/
√

2 the state is a maximally
entangled state, the success probability is square of the success
probability of NS
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realize NS Box

Now the key problem to realize CZ gate turn to realize NZ Box,
the first one is KLM proposal

which is a three-port device with two ancillary mode, The
parameters η1 = η3 = 1/(4− 2

√
2) and η2 = 3− 2

√
2. For any

input α|0〉+ β|1〉+ γ|2〉,this Box success with probability 1/4
when the detector D1 and D2 detect zero and one photon.
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Toward real quantum computation:linear optics

realize NS Box

a simplified proposal is Ralph and White’s proposal

this scheme is just need two beam splitters, and the success
probability is (3−

√
2)/7

There is a polarization version of RW proposal which change
beam splitter by polarization rotations. This proposal is more
convenient for experiment
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realize NS Box

suppose the input mode is âH

(α + βâ†H + γ√
2
â†2H )b̂†V

→ [α + β cosσâ†H + β sinσâ†V
+γ/
√

2(cosσ2â†2H + sin 2σâ†H â
†
V + sin2 σâ†2V )]b̂†V

→ [α + β cosσâ†H + γ√
2

cosσ2â†2H ]b̂†V

→ [α + β cosσ(cos θâ†H + sin θâ†V ) + γ√
2

cosσ2(cos θâ†H + sin θâ†V )2]

(-sin θâ†H + cos θâ†V )
→ [α cosσ|0〉+ β cosσ cos 2θ|1〉+ γ cosσ2 cos θ(1− sin2 3θ)|2〉

let σ = 150.5o and θ = 61.5o, this scheme will yield the NS
gate with success probability (3−

√
2)/7.
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to scalable quantum computer

Though the realize of universal gates, the direct quantum
computation is still impossible due to the bad scalability of the
probabilistic two-qubit gate. The success probability will
exponentially decay with the number of two-qubit gates.

There are several methods to overcome this problem:

KLM protocal
Yoran-Reznik protocol
Nielsen protocol
Browne-Rudolph protocol
Duan protocol

the first one is based on teleportation trick to built a scalable
quantum computer. The rest protocol are based on one-way
computer of cluster state.
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Toward real quantum computation:linear optics

At first, we recall some properties of graph states, these properties
make key roles in the protocol

If we have two chains of cluster states each with n qubits, we can
join them to form a 1D cluster state of 2n qubits by successfully
applying a CZ gate on the end qubits of the two chains

If we destroy the state of an end qubit of an n-qubit cluster
chain, for instance, through an unsuccessful attempt of the CZ
gate, we can remove this bad qubit by performing a Z
measurement on its neighboring qubit, and recover a cluster
state of n− 2 qubits.

We can shrink a cluster state by performing X measurements on
all the connecting qubits

A character of the linear optical CZ gate is critical: we can
determine that the gate success or not
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Duan protocol

Now we use these properties to construct 1D cluster state

If we have two sufficiently long cluster chains each with n0 qubits, we
connect them through a probabilistic CZ gate. If it is fails, we can
delete these destroyed qubit by Z measurement. And we get two
n0 − 2 qubit chains.

repeat
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Duan protocol

By the former method, the average number of connected chain is

n̄1 =

n0/2∑
i=0

2(n0 − 2i)p(1− p)i ' 2n0 − 4(1− p)/p (7)

where the approximation made under the condition e−n0p/2 ≤ 1. This
equation set a critical value nc = 4(1− p)/p, when n0 > nc the
number of chain qubit will increase.

For the rth(r ≥ 1) round of successful connection, the chain length
nr, the total preparation time T − r, and the total number of
attempts Mr scale up respectively by the recursion relations
nr = 2nr−1 − nc, Tr = Tr−1 + ta/p,Mr = 2Mr−1 + 1/p where ta
denotes the time for each attempt of the CZ gate.
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Toward real quantum computation:linear optics

Duan protocol

T (n) = T0 + (ta/p) log2[(n− nc)/(n0 − nc)] (8)

M(n) = (M0 + 1/p)(n− nc)/(n0 − nc)− 1/p (9)

where T0 and M0 are time and attempts of the probabilistic gates to
prepare cluster chains with n0 qubits respectively.

Now we turn to construct a cluster chain with n0 > nc qubits,The
chain with n0 > nc qubits can be generated by repeater protocol.

divide the task into m = log2n steps

For the ith step, building a 2i − bit cluster state by connecting two
2i−1 − bit cluster through probabilistic a CZ gate.

if it is failed, repeat from the beginning.
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Duan protocol

The scaling of this preparation can be obtained as following

For the ith step, the recursion relations of preparation time Ti and
attempts Mi is

Ti = (1/p)(Ti−1 + ta) (10)

Mi = (1/p)(2Mi−1 + 1) (11)

with initial condition T1 = ta/p and M1 = 1/p

so get the scaling

T (n) ' ta(1/p)log2 n (12)

M(n) ' (2/p)log2 n/2 (13)
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Duan protocol

connecting the former two section results to get the final scaling of
preparation cluster chain with n qubits

T (n) ' ta(1/p)
log2 nc+1 + (ta/p)log2(n− nc) (14)

M(n) ' (2/p)log2(nc+1)(n− nc)/2 (15)

To realize quantum computation, we need to construct a 2D cluster
state from 1D cluster chains

First, We construct some ’+’ shape state with long enough tails

connect different ’+’ shapes by CZ gate and X measurements

connect these centers qubits to form a complex lattice
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Duan protocol
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Toward real quantum computation:linear optics

Duan protocol

How many legs in a ’+’ shape is enough? For a nl qubits leg, we can
do nl/2 times probabilistic CZ gates and the success probability is
pc = 1− (1− p)nl/2. To form a square lattice with N qubits, we need
2N connection operations and the success probability is p2Nc . If we
require the probability is sufficient large 1− ε, then
nl ≈ (2/p) ln(2N/ε).

Finally, the scaling to preparation the 2D cluster state is

T (n) ' ta(1/p)
log2 4/p−3 +

ta
p
log2(

4

p
[ln(2N/ε)− 1]) +

ta
p
ln(2N/ε)

M(n) ' (2/p)2+log2(4/p−3)N [ln(2N/ε)− 1] + 2N/p
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Duan protocol

arxiv: 0502120

RMP 79,135 (2007)
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Toward real quantum computation:ion trap

introduction pauling trap

Since there is no minimal point in electromagnetic field, there is no
way to confine a charged ion in static field

using the Rf to make the potential quickly rotation, then can trap the
ion.
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Toward real quantum computation:ion trap

introduction pauling trap

the static potential in this setup is given by

Φdc = κU0[z
2 − (x2 + y2)]/2 (16)

the radiofrequency potential on the other two poles is

Φrf = (V0cosΩT t+ Ur)(1 + (x2 − y2)/R2)/2 (17)

The combination of this to potential, on average, will be a harmonic
trap and ωx, ωy ≥ ωz typically.

the hamiltonian of ions trapped in the trap is

H =
N∑
i=1

M

2
(ω2

xx
2
i + ω2

yy
2
i + ω2

zz
2
i +
|~pi|2

M2
) +

N∑
i=1,j>i

e2

4πε0|~ri − ~rj|
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introduction pauling trap
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Toward real quantum computation:ion trap

cooling in trap

To realize quantum computation, we need use the vibrational mode
(phonon), and the system satisfy some conditions

the system is isolated enough to make the state of the system stable.

we must cooling the system to low temperature, such that the former
harmonic approximation is good and the ions in the ground state

doppler cooling: limit kBT ≈ ~Γ/2

sideband cooling

then we can reach kBT � ~ωz

Lamb-Dicke criterion should be satisfied:the width of the ion
oscillation should be samll compared to incident light wavelength
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Toward real quantum computation:ion trap

cooling in trap

that is

η = 2πz0/λ =
2π
√
~/2NMω

λ
(18)

quantum simulation group (USTC) Spring 2011 26 / 71



Toward real quantum computation:ion trap

quantum computation

qubit: two internal states of a cooling ion

bus: phonon

preparation a initial state: Doppler cooling and sideband cooling

universal gates:

one-qubit unitary: an ion interact with laser described by J-C model

two-qubit gate: two ions interact by phonon

measurement: Using laser to pump ions on the ground state to an excited state and
observe the spontaneous emission which can be detected with almost 100%.
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Toward real quantum computation:ion trap

ions dynamics

there are N ions in the trap,since ωx, ωy ≥ ωz, the trap on the x and
y direction are much stronger than z direction. we suppose the ions
can only move on the z direction, then the the Hamiltonian is
reduced to one dimensional situation

H0 =
N∑
i=1

|~pi|2

2M
)

V =
N∑
i=1

M

2
ω2
zz

2
i +

N∑
i=1,j>i

e2

4πε0|~ri − ~rj|

L = T − V

similar as the lattice dynamics in solid physics, the ions will stay at
the equilibration point and vibrate near that point
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Toward real quantum computation:ion trap

ions dynamics

we can approximate the potential function V near the equilibration
point as

V (z̄1 + q1(t), z̄2 + q2(t), ..., z̄N + qN(t), )

=V (z̄1, z̄2, ..., z̄N) +
N∑
m=1

∂V

∂zm(t)
|qm=0qm(t) (19)

+
1

2

N∑
n,m=1

∂2V

∂zm(t)∂zn(t)
|qm,qn=0qm(t)qn(t) + ...

Since z̄1, z̄2, ..., z̄N is the equilibration point, ∂V
∂zm(t)

|qm=0 = 0, then
the L can be expressed as

L( ˙qm, qm) =
M

2

N∑
m=1

( ˙qm)2 − 1

2

N∑
n,m=1

Vnmqnqm (20)
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Toward real quantum computation:ion trap

ions dynamics

where Vnm is a Hessian matrix with definite positive character

the dynamics of the trapped ion is governed by the Lagrange
equations

d

dt

∂L

∂q̇k
− ∂L

∂qk
= 0 (21)

let the solution of qk with the form Cke
−iνt, and we get

|ω2
zVkl − ν2δkl| = 0 (22)

Generally, there are up to N nonnegative solutions νk and the
solution of qk has the following form

qk =
N∑
α=1

Dα
kQα(t) k = 1, 2, ..., N (23)

where Qα(t) = Cαe
−iναt And Dα

k is the eigenvectors of matrix V by
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ions dynamics

N∑
k=1

VkαD
α
k = µαD

α
l (24)

insert the expression of qk(t) into the Lagrange to get

L =
m

2

N∑
α=1

(Q̇α
2 − ν2αQ2

α)

where να = ωz
√
µα, Qα and να are named normal modes and normal

frequencies respectively

if define the canonical conjugated to Qα is Pα = mQ̇α, then

H =
1

2m

N∑
α=1

P 2
α +

1

2m

N∑
α=1

ν2Q2
α
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Toward real quantum computation:ion trap

ions dynamics

introduce creation and annihilation operator by

Qα → Q̂α =

√
~

2mνα
(âα
† + âα)

Pα → P̂α = i

√
~mνα

2
(âα
† − âα)

then the quantized hamiltonian will be

Ĥ =
N∑
α=1

~να(âα
†âα +

1

2
) (25)

this is the quantum form of the ion trap system.

the express of the position is
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laser-ion interaction

zj(t) = z̄j +
N∑
α=1

Dα
i

√
~

2mνα
(âα
† + âα) (26)

= z̄j +
N∑
α1

Kα
i (âα

† + âα) (27)

where Kα
i = Dα

i /(µα)1/4 and z0 =
√
~2mωz

Now we turn to implement the one-qubit unitary gate on this system,
we use the laser to interact with a ion

a laser with electromagnetic field

E = E0~ε cos(ωLt− ~κ.~q + φ) (28)

where ~ε is a polarization vector
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Toward real quantum computation:ion trap

laser-ion interaction

the interaction between ion and electromagnetic is dipole inter action

Vj = −qe~rj. ~E(t, ~Rj)

insert the expression of position into the interaction formula to get

Vj = −qe[(~reg)jσ̂+j + (~reg)
∗
j σ̂−j].

E0~ε

2
[e−i[ωLt−ηj(â

†+â)+φj ] +H.C]

where (~reg)j = 〈ej|~rj|gj〉, σ̂+j = |ej〉〈gj|
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laser-ion interaction

the free Hamiltonian of the jth ion is

H0j =
~ω0

2
+ ~νâ†â

where we just consider the lowest mode of the phonon which is named COM and
ν = ωz

transform the whole Hamiltonian to interaction picture to get

Ĥj = Û0
†
VjÛ0

=
~λj
2
σ̂+jexp[iηj(â

†eiνt + âe−iνt)]e−iδt +H.C.

where λj = −qeE0[(~reg)j .~ε]e
−iφj/~

let the detuning δ = ωL − ω0 = kν, then the final Hamiltonian can be

Ĥj = ~
∑
n

[
Ωn,kj

2
(|ej〉〈gj |

⊗
|n+ |k|〉〈n|) +H.C]

quantum simulation group (USTC) Spring 2011 35 / 71



Toward real quantum computation:ion trap

laser-ion interaction

the corresponding unitary evolution operator is

Û+
j =

∑
n

cos(
|Ωn,kj |t

2
)[(|gj〉〈gj |

⊗
|n+ |k|〉〈n+ |k||) + (|ej〉〈ej |

⊗
|n〉〈n|)]

− i
∑
n

sin(
|Ωn,kj |t

2
)[(|gj〉〈ej |

⊗
|n+ |k|〉〈n|)e−iφ̄j

+ (|ej〉〈gj |
⊗
|n〉〈n+ |k||)eiφ̄j ] +

|k|−1∑
n=0

(|ej〉〈ej |
⊗
|n〉〈n|)

where Ωn,kj is called Rabi frenquency. For control the time of evolution, we can

A 4π − pulse returns the system back to its initial state.

A 2π − pulse changes the sign of the state.

A π − pulse imply change of the |ej〉 and |gj〉
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laser-ion interaction

In quantum computation, we just interesting the case when k = 0 and k = −1, So the
unitary evolution can simplified as

Âj =
∑
n

cos(
|Anj |t

2
)[(|ej〉〈ej |

⊗
|n〉〈n|) + (|gj〉〈gj |

⊗
|n〉〈n|)]

− i
∑
n

sin(
|Anj |t

2
)[(|ej〉〈gj |

⊗
|n〉〈n|)e−iφ̄j

+ (|gj〉〈ej |
⊗
|n〉〈n|)eiφ̄j ]

B̂j =
∑
n

cos(
|Anj |t

2
)[(|ej〉〈ej |

⊗
|n〉〈n|) + (|gj〉〈gj |

⊗
|n+ 1〉〈n+ 1|)]

− i
∑
n

sin(
|Anj |t

2
)[(|ej〉〈gj |

⊗
|n〉〈n+ 1|)e−iφ̄j

+ (|gj〉〈ej |
⊗
|n+ 1〉〈n|)eiφ̄j ] + |gj〉〈gj |

⊗
|0〉〈0|

where |Anj | = |λj | and|Bnj | = |λj |ηj
√
n+ 1under the Lamd-Dicke limit.
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Lamd-Dicke limit

The Lamb-Dicke limit corresponds physically to the situation where the spatial
extent of the vibrational motion of the ion z0 is much smaller than the
wavelength Λ of the laser, where ηj ' κz0 and κ = 2π/Λ

We may rewrite the Lamb-Dicke parameter of the j ion of N ions in the COM
mode to the form η2j = Er/~ωz, where Er = ~2/2mN is the recoil energy. It can
be shown that the trapped ion emits spontaneously photons of the average
energy ~ω − Er, where 0 is for the atomic frequency. Taking into account the
Lamb-Dicke limit (Er � ~ωz) we may say that during the spontaneous emission
the change in the vibrational state of the ion is very unlikely. In other words, the
trapped ion in the Lamb-Dicke regime decays spontaneously mostly on the carrier.

The Lamb-Dicke parameter for a single trapped ion equals to η̄ and for an ion
from the string of N ions in the COM mode is given as ηj = η̄/

√
N . It means

that we can reach the Lamb-Dicke limit for N ions even if the limit is not fulfilled
for single ions.
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one-qubit gate

the one-qubit gate can be realized by the former unitary transformation when k = 0 by
parameter t = lπ/|λj | and φj → φj + π/2, that is

Âlj(φj) =
∑
n

cos(
lπ

2
)[(|ej〉〈ej |

⊗
|n〉〈n|) + (|gj〉〈gj |

⊗
|n〉〈n|)]

+
∑
n

sin(
lπ

2
)[(|ej〉〈gj |

⊗
|n〉〈n|)e−iφ̄j

+ (|gj〉〈ej |
⊗
|n〉〈n|)eiφ̄j ]

this unitary corresponding to the rotation matrix(
cos(θ/2) eiφ sin(θ/2)

−e−iφ sin(θ/2) cos(θ/2)

)
(29)
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two-qubit gate

to realize a two-qubit CNOT gate, we need an auxiliary internal level |r〉

using two laser with frequency ωeg0 = (Ee − Eg)~ and ωrg0 = (Er − Eg)~, the evolution
with k = 1 is given

B̂l,Ij = cos(
lπ

2
)[(|ej〉〈ej |

⊗
|0〉〈0|) + (|gj〉〈gj |

⊗
|1〉〈1|)]

− i sin(
lπ

2
)[(|ej〉〈gj |

⊗
|0〉〈1|)e−iφ̄j

+ (|gj〉〈ej |
⊗
|1〉〈0|)eiφ̄j ] + |gj〉〈gj |

⊗
|0〉〈0|

B̂l,IIj = cos(
lπ

2
)[(|rj〉〈rj |

⊗
|0〉〈0|) + (|gj〉〈gj |

⊗
|1〉〈1|)]

− i sin(
lπ

2
)[(|rj〉〈gj |

⊗
|0〉〈1|)e−iφ̄j

+ (|gj〉〈rj |
⊗
|1〉〈0|)eiφ̄j ] + |gj〉〈gj |

⊗
|0〉〈0|

where we only consider the case n = 0 and n = 1, we neglect the higher level.
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two-qubit gate

the CNOT can be realized by the following evolution operator sequence on qubit m1
and m2

Â
1/2
m2 (π)B̂1,I

m1B̂
2,II
m2 B̂

1,I
m1Â

1/2
m2 (0)

where Âlj defined in the one-qubit gate case

B̂1,I
m1B̂

2,II
m2 B̂

1,I
m1 operate as a CZ gate

finally, the CNOT be realized by local unitary transformation Âljs.
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decoherence in ion trap

motional state decoherence

instability of trap parameters

We also have to count on (i) the micromotion, (ii) the Coulomb
repulsion between the ions making the motional modes (except the
COM mode) anharmonic in reality and (iii) stray electrode fields
causing possible excitations of the ion motion

We have considered just a single motional mode in our approach, but
there are also other 3N . 1 modes present and the cross-coupling
between the modes appears.

inelastic and elastic collisions with the background gas, even though
experiments are carried out in an excellent environment (p ' 10−8Pa)
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decoherence in ion trap

Internal state decoherence, The type of the decoherence discussed here can be
eliminated by a proper choice of metastable excited states with long lifetimes.

Operational decoherence

the pulse duration and the phase adjustment is not exactly

Due to the laser spatial intensity profile, there is a probability (if the
ions are spaced too closely) that the state of a neighbouring ion will
be affected

off-resonant transitions are always present and we have to control the
laser power very carefully to avoid their excitations.
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decoherence in ion trap
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introduction

there are two effects of the environment for a quantum system

dissipation of the energy which denotes by T1

decoherence which denotes by T2

Generally, T2 � T1. But for some special decoherece mechanics this will not be
true.

the main difficulty on the road to quantum computation is decoherence

decoherence plays a key role in connection quantum world and classical world

the decoherence will turn a superposition state to a ensemble, that is, make the
quantum computation to classical computation.
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decoherence

For a general quantum state, it can be expressed as a density matrix,
ρ11 ρ12 ... ρ1n
ρ21 ρ22 ... ρ2n
.̇. ... ... ...
ρn1 ρn2 ... ρnn


the non diagonal elements ρij , i 6= j describe the coherent. Decoherence will
make the non diagonal element disappear, and the character time is T1. while the
character disappear time of the diagonal term is named T2

For a multiqubit system, the decoherence of different qubits may be cooperate or
just the same.

the theoretic tools for decoherence is master equation and lindblad equation.
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decoherence
the decoherence is due to the environment, so we can transform overcome it by
considering the whole system

Operator-sum representation

ρ̂(t) = Û(ρ̂(t0)
⊗
|0〉〈0|)Û†

where ρ̂(t0) is the initial state of the system A and |0〉 is the initial state of system B,
U is the evolution operator of the whole system

ρ̂A(t) = TrB(ρ̂(t))

=
∑
b

〈b|Û(ρ̂(t0)
⊗
|0〉〈0|)Û†|b〉

=
∑
b

〈b|Û |0〉(ρ̂(t0)〈0|)Û†|b〉

Let M̂b = 〈b|Û |0〉 , then
∑
b M̂

†
b M̂b = I. So the evolution of system A can be written

as

ρ̂(t) =
∑

M̂†b ρ̂(t0)M̂b
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decoherence

the evolution operator Mbs are not unique, there are many sets satisfy

$̂[ρ̂(t0)] =
∑

M̂†
b ρ̂(t0)M̂b =

∑
N̂†

a ρ̂(t0)N̂a

the different operators satisfy the condition

M̂b =
∑
a

UbaN̂a

where U is a unitary operator

generally, the evolution operator $̂ satisfies the following

$ preserves hermiticity: ρ̂(t) is hermitian if ρ̂(t0) is.

$ is trace preserving: Tr(ρ̂(t)) = 1 if Tr(ρ̂(t0)) = 1

$ is positive: ρ̂(t) is nonnegative if ρ̂(t0) is

$ is linear

$ is completely positive
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decoherence

Lindblad equation: from the former operator-sum representation

∂ρ̂A(t)

∂t
= − i

~
[ĤA, ρ̂A(t)] +

∑
µ6=0

(LµρL
†
µ −

1

2
ρL†µLµ −

1

2
L†µLµρ) (30)

which has a form expression as

∂ρ̂A(t)

∂t
= L[ρ̂A(t)] (31)

L is named Lindblad operator

Example: Harmonic oscillator the Hamiltonian of this system is

HA = ~ωa†a

the damped interaction between the harmonic oscillator and heat bath as

H ′ = ~
∑
i

gi(ab
†
i + a†bi)

If suppose the heat bath is in zero temperature, the system can cascade down by
emission photons, but no photon is absorption by the system, then there is only one
Lindblad operator
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decoherence

L1 =
√

Γa

then the master equation in Lindblad form is

∂ρ̂A
∂t

= − i
~

[ĤA, ρ̂A] + Γ(aρa† − 1

2
ρa†a− 1

2
a†aρ)

transform this equation to the interaction picture as

ρ̂(t) = e−iHAtρ̂I(t)e
iHAt a(t) = e−iHAtaI(t)e

iHAt

then

ρ̇I(t) = Γ(aIρIa
†
I −

1

2
ρIa
†
IaI −

1

2
a†IaIρI)

the the evolution of the operator is

∂〈aI〉
∂t

=
∂

∂t
Tr(aIρI) = tr(aI ρ̇I)− iωTr(aIρI)

= Γtr(a2
IρIa

†
I −

1

2
aIρIa

†
IaI −

1

2
aIa
†
IaIρI)− iωTr(aIρI)

=
Γ

2
tr([a†I , aI ]aIρI)− iωtr(aIρI) = (−Γ

2
− iω)〈aI〉
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decoherence
now get the solution

〈aI〉 = e−
Γ
2
te−iωt〈aI(0)〉 (32)

it shows that there is an exponentially decay of the average value of aI . On the other
hand

∂〈n〉
∂t

=
∂

∂t
tr(aI†aIρI)

= Γtr(a†Ia
2
IρIa

†
I −

1

2
aI†aIρIa†IaI −

1

2
(a†IaI)

2ρI)

= Γtr(aI [a†I , aI ]aIρI) = −Γ〈n〉

that is, 〈n(t)〉 = e−Γt〈n(0)〉
if the interaction with the form

H ′ = ~(
∑
i

gi(b
†
i bi)a

†a

the some method as the former case to interaction picture

ρ̇I = Γ(a†IaIρIa
†
IaI −

1

2
ρI(a

†
IaI)

2 − 1

2
(a†IaI)

2ρI)
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three quantum channels
if expand the density matrix ρ in the occupation number basis as ρnm|n〉〈m|, the
master equation will be

˙ρnm = Γ(nm− 1

2
n2 − 1

2
m2)ρnm

= −Γ

2
(n−m)2ρnm

which give the final results as

ρnm(t) = ρnm(0)exp[−1

2
Γt(n−m)2] (33)

there we will introduce three decoherence models for single qubit, these channels are
widely used to discuss the decoherence problems.

three type of error for channel: bit flip (σx);phase flip (σz);both (σy)

Depolarizing channel: the qubit in this channel has probability 1− p to remain intact,
while with probability p an error occurs. The error can be of any one of three types, and
the three types have equally likely.
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three quantum channels

Unitary representation

U : |ψ〉
⊗
|0〉 →

√
1− p|ψ〉

⊗
|0〉+

3∑
i=1

σi|ψ〉
⊗
|i〉

Kraus representation

M0 =
√

1− pI, M1 =

√
p

3
, σx M2 =

√
p

3
σy, M3 =

√
p

3
σz

then the evolves of the density matrix is

ρ′ = (1− p)ρ+
p

3
(σxρσx + σyρσy + σzρσz)

phase-damping channel: This case is particularly instructive because it provides a
revealing character of decoherence in realistic physical situation.
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three quantum channels

Unitary representation

|0〉A|0〉E →
√

1− p|0〉A|0〉E +
√
p|0〉A|1〉E

|1〉A|0〉E →
√

1− p|1〉A|0〉E +
√
p|1〉A|2〉E

Kraus operators representation

M0 =
√

1− pI, M1 =
√
p

(
1 0
0 0

)
, M2 =

√
p

(
0 0
0 1

)
then the evolves of the density matrix is

ρ′ = $(ρ) =
∑
i

MiρMi

= (1− p)ρ+ p

(
ρ00 0
0 ρ11

)
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three quantum channels

(
ρ00 (1− p)ρ01

(1− p)ρ10 ρ11

)
the off diagonal terms of this channel will be exponentially suppressed by
(1− p)n = (1− Γ∆t)t/∆t → e−Γt

Amplitude-damping channel: it is a schematic model of the decay of an ex cited state of
a ’two-level’ atom due to spontaneous emission of a photon.

Unitary representation

|0〉A|0〉E → |0〉A|0〉E
|1〉A|0〉E →

√
1− p|1〉A|0〉E +

√
p|0〉A|1〉E

Kraus operators representation

M0 =

(
1 0
0
√

1− p

)
, M1 =

(
0
√
p

0 0

)
evolution of the density matrix
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three quantum channels

ρ′ = $(ρ) =
∑
i

MiρMi(
ρ00 + pρ11

√
1− pρ01√

1− pρ10 (1− p)ρ11

)
the evolution of this process will make the item ρ11 decay as

ρ11 → (1− p)nρ11
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idea

the decoherence is the big problem to realize quantum computation, we need
some technical tools to overcome this issue.

In classical computation, if the bit under a binary symmetric channel (it has
probability p to flip), then we introduce two more copy bit to encode the
information as

0→ 000 1→ 111

this type of decoding is called majority voting, the probability of two or more bits
flipped is 3p2(1− p) + p3

the classical methods can not be extended to quantum case directly

Non cloning theorem. there is no way to copy any quantum state
exactly.

the errors in quantum case are continuous. It seems to determine the
errors will need infinitely precision.

measurement will destroy quantum information.
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idea

it looks like the quantum error-correction code is impossible in this way.
Fortunately, the quantum error correction code can be designed carefully. As a
simple example, we will introduce two simple codes which can detect and correct
for some special error

three qubit bit flip code: the encoding is

|0〉 → |0L〉 ≡ |000〉 |1〉 → |1L〉 ≡ |111〉
so a single qubit state a|0〉+ b|1〉 encode as a|000〉+ b|111〉

error-detecting (syndrome diagnosis): the corresponding measurement operators
are

P0 ≡ |000〉〈000|+ |111〉〈111| no error

P1 ≡ |100〉〈100|+ |011〉〈011| flip on the first qubit

P2 ≡ |010〉〈010|+ |101〉〈101| flip on the second qubit

P3 ≡ |001〉〈001|+ |110〉〈110| flip on the third qubit
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idea

another kind of error-detecting (syndrome diagnosis):the corresponding operators are;

Z1Z2 = (|00〉〈00|+ |11〉〈11|)
⊗

I − (|01〉〈01|+ |10〉〈10|)
⊗

I

Z2Z3 = I
⊗

(|00〉〈00|+ |11〉〈11|)− I
⊗

(|01〉〈01|+ |10〉〈10|)

which used to compare the neighboring bit and there are 4 different outcomes: (1, 1)→
no bit flip; (−1, 1)→ the first bit flip;(−1,−1)→ the second bit flip;(1,−1)→ the
third bit flip.

recovery: Using the measurement result, we do the corresponding bit flip. 0-do
nothing;1-flip the first qubit;2-flip the second qubit;3-flip the third qubit

three qubit phase flip code: the encoding is

|0〉 → |0L〉 ≡ |+ ++〉 |1〉 → |1L〉 ≡ | − −−〉

where |±〉 = 1√
2
(|0〉 ± |1〉) which can be explained by encoding in bit flip code first,

then operate H on each qubit
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idea

error-detecting (syndrome diagnosis): the corresponding measurement operators are:
X1X2, X2X3. There are four different outcomes and the similar correcting processes as
before.

The Shor code: this code can be used to correct any error on a single qubit. The
codewords of this encoding is given by

|0〉 → |0L〉 ≡
(|000〉+ |111〉)(|000〉+ |111〉)(|000〉+ |111〉)

2
√

2

|1〉 → |1L〉 ≡
(|000〉 − |111〉)(|000〉 − |111〉)(|000〉 − |111〉)

2
√

2

this encoding is a concatenation process to combine phase flip code and bit flip code.

error detecting and correcting: this code can used to correct phase and bit flip errors on
any qubit. The corresponding operator to measurement and be used as syndromes.
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classical coding theory
The former three examples give some idea about quantum error-correcting code. In the
following, we will turn to general theory of constructing quantum codes

A linear code C encoding k bits information into n bit code space is denoted by an
n× k generator G, called [n, k] code.

the k bit information x (a column vector) is encoded into n bit space by Gx

example: for generator G =

[
1
1
1

]
, the codeword is G[0] = (0, 0, 0)T and

G[1] = (1, 1, 1)T .

there is another way to define the linear codes by parity check matrix:

Hx = 0

where H is an (n− k)× n parity check matrix, x is a n-element vector. That is, the
codes is the kernel of H.

these two ways can be connected by the following way. H → G: pick k linearly
independent vectors y1, y2, ..., yk spanning the kernel of H, the k colums of G is from y1

through yk. G→ H:pick n− k linearly independent vectorsy1, y2, ..., yn−k orthogonal
to the columns of G, H’s rows are yT1 , y

T
2 , ..., y

T
n−k.
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classical coding theory

example of G→ H: for generator G =

(
1
1
1

)
the parity check matrix is construct by two

linearly independent vectors orthogonal to the column of G,

H ≡
(

1 1 0
0 1 1

)
now we introduce several useful concepts in linear code theory

error syndrome: let the code of x is y = Gx, if there is an error e make y′ = y + e. The
error syndrome is Hy′ = He, different error ej have different syndrome Hej .

Hamming distance between two codes x and y is defined to be the number of bits at
which x and y differ, denoted as d(x, y)

Hamming weight of a code x is defined to be the distance from the string zero, that is
the number of 1 in x.

distance of a code is defined to be

d(C) ≡ min
x,y∈C,x 6=y

d(x, y) = min
x∈C,x 6=0

wt(x)
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CSS codes

if the code satisfy d(C) ≥ 2t+ 1, it is able to correct errors on up to t bits. That is, the
corrupted encoded message y′ is the unique codeword satisfying d(y, y′) ≤ t.

CSS codes is an important subclass of general quantum codes which can be constructed
through classical linear codes

C1 and C2 are [n, k1] and [n, k2] linear codes such that C2 ∈ C1 and C1 and C⊥2
both correct t errors. Then we can define an [n, k1 − k2] quantum code which can
correct errors on t qubit. Suppose x ∈ C1 is a codeword in C1, the quantum state
|x+ C2〉 can be defined as:

|x+ C2〉 ≡
1

|C2|
∑
y∈C2

|x+ y〉

It is clear from the definition that |x+ C2〉 = |x′ + C2〉 when x′ − x ∈ C2. That
is, the code is dependent of the coset of C1/C2

For two different coset of C2, the corresponding states |x+C2〉 and |x′ +C2〉 are
orthogonal.

the dimension of CSS code is|C1|/|C2| = 2k1−k2 , so the CSS code is an
[n, k1 − k2] quantum code.
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CSS codes

The CSS code can error-correct up to t bit and phase flip error. Suppose the bit flip
errors denoted by e1 with 1s where the bit flip occurred,the phase flip errors denoted by
e2 with 1s where the phase flip occurred. The corrupted state of the initial state
|x+ C2〉 is

1√
|C2|

∑
y∈C2

(−1)(x+y).e2 |x+ y + e1〉

To detect and correct bit flip errors:

Introduce an ancilla (initially in zero) containing enough sufficient qubit to store
the syndrome for code C1

Using reversible computation to apply parity matrix H1 for the code C1 to make

|x+ y + e1〉|0〉 → |x+ y + e1〉|H1(x+ y + e1)〉 = |x+ y + e1〉|H1(e1)〉

and get the state

1√
|C2|

∑
y∈C2

(−1)(x+y).e2 |x+ y + e1〉|H1(e1)〉
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CSS codes

measurement the ancilla to get the result He1 and discard the ancilla, and get the state

1√
|C2|

∑
y∈C2

(−1)(x+y).e2 |x+ y + e1〉

knowing the error syndrome He1 infer the error e1 since C1 can correct up to t errors.

recovery: apply NOT gates to the qubits at which positions in the error e1. Then get
the state

1√
|C2|

∑
y∈C2

(−1)(x+y).e2 |x+ y〉

To detect and correct phase flip error

to apply Hadamard gates to each qubit, the state will be

1√
|C2|2n

∑
z

∑
y∈C2

(−1)(x+y).(e2+z)|z〉

= 1/
√
|C2|2n

∑
z′

∑
y∈C2

(−1)(x+y).z′ |z′ + e2〉 setting z′ ≡ z + e2
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CSS codes

supposing z′ ∈ C⊥2 , the state can be written as

1√
|C2|2n

∑
z′∈C⊥

2

(−1)x.z
′
|z′ + e2〉

this is the form of the bit flip error of e2 which can be correct by the same way as the
former way. And get the state

1√
|C2|2n

∑
z′∈C⊥

2

(−1)x.z
′
|z′〉

applying Hadamard gates to each qubit and complete the error-correction.

A CSS code example:Steane code
a [7, 4, 3] Hamming code labeled by C with parity check matrix(

0 0 0 1 1 1 1
0 1 1 0 0 1 1
1 0 1 0 1 0 1

)
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CSS codes

Let C1 ≡ C and C2 ≡ C⊥. We can verify that the parity check matrix of C2 is:

H[C2] = G[C1]T =

1 0 0 0 0 1 1
0 1 0 0 1 0 1
0 0 1 0 1 1 0
0 0 0 1 1 1 1


it can be verified that the span of the rows of H[C2] strictly contains the span of
the rows of H[C1]. And the C1 and C2 are distance 3 codes which can correct
errors on 1 bit.

Based on the method of CSS code constructing, C1 and C2 can construct a [7, 1]
quantum code named Steane code:

|0 + C2〉 → |0L〉 ≡
1√
8

[|0000000〉+ |1010101〉+ |0110011〉+ |1100110〉

+ |0001111〉+ |1011010〉+ |0111100〉+ |1100110〉]

|0 + C2〉 → |1L〉 ≡
1√
8

[|1111111〉+ |0101010〉+ |1001100〉+ |0011001〉

+ |1110000〉+ |0100101〉+ |1000011〉+ |0010110〉]
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stabilizer code

Suppose S is a subgroup of pauli group Gn and define Vs to be the set of qubit
states which are fixed by every element of S.

Suppose S = 〈g1, ..., gl〉 and g1, ..., gl to be independent. we can present the
generators of S in parity check form which is a l × 2n matrix M . The left l × n
matrix corresponding the operator of x and the right l × n matrix corresponding
the operator of z.

Let S = 〈g1, ..., gl〉 be such that −I∈̄S, the generators are independent if and
only if the rows of the corresponding check matrix are linearly independent.

example of stabilizer code: the stabilizer for the Steane qubit code

g1 : I I I X X X X g2 : I X X I I X X
g3 : X I X I X I X g4 : I I I Z Z Z Z
g5 : I Z Z I I Z Z g6 : Z I Z I Z I Z
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stabilizer code

the corresponding check matrix


0 0 0 1 1 1 1 0 0 0 0 0 0 0
0 1 1 0 0 1 1 0 0 0 0 0 0 0
1 0 1 0 1 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 1 1 0 0 1 1
0 0 0 0 0 0 0 1 0 1 0 1 0 1

 (34)
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toric code

we can define a set of stabilizers as

As =
∏

j∈star(s)

σx
j Bp =

∏
j∈boundary(p)

σz
j

define the vector space |ψ〉 as

As|ψ〉 = |ψ〉 Bs|ψ〉 = |ψ〉 (35)

when the corresponding geometry have genus, the corresponding vector space is
topological protected.
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toric code

the operating of the stabilizer code

the topological of the code
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