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a b s t r a c t 

For circuit-based quantum computation, experimental implementation of a universal set of quantum logic gates 

with high-fidelity and strong robustness is essential and central. Quantum gates induced by geometric phases, 

which depend only on global properties of the evolution paths, have built-in noise-resilience features. Here, 

we propose and experimentally demonstrate nonadiabatic holonomic single-qubit quantum gates on two dark 

paths in a trapped 171 𝑌 𝑏 + ion based on four-level systems with resonant drives. We confirm the implementation 

with measured gate fidelity through both quantum process tomography and randomized benchmarking methods. 

Meanwhile, we find that nontrivial holonomic two-qubit quantum gates can also be realized within current 

experimental technologies. Compared with previous implementations, our experiments share both the advantages 

of fast nonadiabatic evolution and robustness against systematic errors. Therefore, our experiments confirm a 

promising method for fast and robust holonomic quantum computation. 
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. Introduction 

Quantum computer based on quantum mechanics is believed to be

ore powerful than classical computer in solving some hard problems,

uch as factorizing large prime number [1] and searching unsorted data

2] . To realize circuit-based quantum computer, a universal set of accu-

ately controllable quantum gates, which include arbitrary single-qubit

ates and a nontrivial two-qubit gate [3] , are necessary. However, quan-

um systems usually inevitably suffer from environment-induced noises

nd operational imperfections, leading to infidelity of quantum evolu-

ion. Therefore, implementation of quantum gates with high-fidelity and

trong robustness is highly preferred in quantum information process-

ng. 

Geometric phases [ 4–6 ], which only depend on the global proper-

ies of evolution path rather than their evolution details, are naturally

pplied into the field of quantum computation for noise-resilient quan-

um manipulation [ 7–10 ]. In particular, non-Abelian geometric phases
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dark paths in a trapped ion, Fundamental Research, https://doi.org/10.101
5] can naturally induce universal quantum gates for the so-called holo-

omic quantum computation due to their non-commutativity. Then,

olonomic quantum computation based on adiabatic evolution is pro-

osed [ 11 , 12 ] with experimental demonstration [ 13 , 14 ]. However,

hese adiabatic schemes have to be slow enough, and thus, due to the

ecoherence of target systems, considerable errors will also accumulate.

To resolve this dilemma, holonomic quantum computation based

n nonadiabatic evolutions has been proposed [15] , which was theo-

etically expanded [ 16–25 ] and experimentally demonstrated [ 26–37 ]

n various systems. Unfortunately, the noise-resilience feature of ge-

metric phases is smeared in this type of implementation [ 38–41 ].

ecently, nonadiabatic holonomic quantum computation (NHQC) has

een proposed [42] with two dark paths based on dressed-state method

43] , which share both merits of nonadiabatic evolution and robust-

ess against errors. However, finding representations of dressed states

ay become rather complicated, especially for high-dimensional quan-

um systems. On the other hand, due to the challenge of exquisite con-
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Fig. 1. Realization of single qubit nonadiabatic holonomic quantum gates. 

(a) Energy level of a 171 Y b + ion. The { |0 ⟩, |1 ⟩} subspace and two auxiliary level 

|2 ⟩, |𝑎 ⟩ are encoded in the hyperfine level of ground state 𝑆 1∕2 . Coupling between 

energy level |𝑎 ⟩ and |0 ⟩ ( |1 ⟩and |2 ⟩) is realized through resonant microwave. (b) 

Illustration of the implemented holonomic quantum gates in Bloch sphere of 

{ |𝑏 ⟩, |𝑎 ⟩} subspace. The whole evolution process is divided into two steps, and 

an additional geometric phase will accumulate in the |𝑏 ⟩ state after the cyclic 

evolution. Realization of single qubit nonadiabatic holonomic quantum gates. 

t  

N

 

p  

n  

b  

l  

t  

o  

w  

h  

m  

u  

i  

c  

s  

b  

h  

t  

t  

h  

t  

r  

s  

q  

h  

t

2

 

g

i  

o  

|  

i  

fi  

t  

a

𝐻  

w  

f  

s  

𝐻  

h  

c

𝐻  

 

g  

{

𝐻  

i  

s  

d  

{  

t

r  

f

 

p  

t  

c

||  

 

l

Ω
Ω

w  

a  

H  

a  

A  

o  

m

 

i  

i  

p  

g

 

l  

d  

c  

𝜂  

a  

t  

t  

t  

s  

i  

c  

w  

D  

e  

i  

a  

O  

d  

c 1  
rol among multilevel quantum systems, experimental demonstration of

HQC with two dark paths is still lacking. 

Here, with the multilevel structure of a trapped 171 𝑌 𝑏 + ion, we pro-

ose a feasible scheme and for the first time experimentally demonstrate

onadiabatic holonomic single-qubit quantum gates on two dark paths

ased on a four-level system. The so-called dark path refers to the evo-

ution path of dark state. One dark state is defined as the eigenstate of

he system Hamiltonian with zero energy and decoupled, and the other

ne is defined to fulfill the time-dependent Schr\"{o}dinger equation

ith zero expectation value. In the construction of our nonadiabatic

olonomic quantum gates, only simple and experimentally accessible

icrowave controls are needed. Meanwhile, our demonstration merely

ses conventional resonant interaction, which could simplify the exper-

mental complexity and decrease the control errors. In our realization,

haracterized by randomized benchmarking (RB) method, the demon-

trated average gate fidelity is above 98.75%, which is mainly restricted

y the limited coherence time. Moreover, previous NHQC schemes only

ave one time-dependent variable of the system Hamiltonian, leading

o fixed gate robustness against systematic errors. But our scheme has

wo time-dependent adjustable variables, providing gate robustness en-

ancement by proper designing the time-dependent variables. In addi-

ion, we demonstrate that our nonadiabatic holonomic gates are more

obust against control amplitude errors than previous ones, under the

ame maximum driving amplitude, which is noteworthy for large-scale

uantum computation. Finally, combining with nontrivial nonadiabatic

olonomic two-qubit gates, robust universal NHQC can be achieved in

he trapped ions setup with current state-of-art technologies. 

. Theoretical model 

We first address the realization of arbitrary holonomic single-qubit

ates in the { |0 ⟩, |1 ⟩} subspace on 𝑆 1∕2 ground-states of a trapped 171 Y b + 
on, with |0 ⟩ ≡ |2 𝑆 1∕2 , 𝐹 = 1 , 𝑚 𝐹 = 0 ⟩, |1 ⟩ ≡ |2 𝑆 1∕2 , 𝐹 = 1 , 𝑚 𝐹 = +1 ⟩. The

ther energy levels on ground states |2 ⟩ ≡ |2 𝑆 1∕2 , 𝐹 = 1 , 𝑚 𝐹 = −1 ⟩ and

𝑎 ⟩ ≡ |2 𝑆 1∕2 , 𝐹 = 0 , 𝑚 𝐹 = 0 ⟩ are treated as two auxiliary states, as shown

n Fig. 1 a. Our proposal is realized by driving three resonant microwave

elds 𝐴 𝑗 ( 𝑡 ) cos ( 𝜔 𝑗 𝑡 + 𝜙𝑗 )( 𝑗 = 0 , 1 , 2 ) with time-dependent amplitude 𝐴 𝑗 ( 𝑡 )
o the ion. Under this condition, the qubit Hamiltonian can be written

s: 

 = 𝐻 0 + 

2 ∑
𝑗=0 

ℏ Ω𝑗 cos ( 𝜔 𝑗 𝑡 + 𝜙𝑗 ) |𝑗 ⟩⟨𝑎 | + H . c ., (1)
2 
here 𝐻 0 is Hamiltonian of the free four-level system, Ω𝑗 is the Rabi

requency, 𝜔 𝑗 and 𝜙𝑗 are frequency and phase of driving microwave re-

pectively. After transformed to the interaction picture with respect to

 0 and applying rotating wave approximation (RWA), assuming ℏ = 1
ereafter, the interaction Hamiltonian in Hilbert space { |0 ⟩, |1 ⟩, |2 ⟩, |𝑎 ⟩}
an be written as: 

 1 ( 𝑡 ) = 

2 ∑
𝑗=0 

Ω𝑗 ( 𝑡 ) 
2 

𝑒 − 𝑖 𝜙𝑗 |𝑗 ⟩⟨𝑎 | + H . c ., (2)

After setting Ω0 ( 𝑡 )∕ Ω1 ( 𝑡 ) = tan ( 𝜃∕2) with 𝜃 being a constant an-

le, this Hamiltonian can be rewritten in a new Hilbert space

 |𝑑 1 ⟩, |𝑏 ⟩, |2 ⟩, |𝑎 ⟩} as: 

 𝑑 ( 𝑡 ) = 

Ω( 𝑡 ) 
2 

𝑒 − 𝑖 𝜙0 |𝑏 ⟩⟨𝑎 | + 

Ω2 ( 𝑡 ) 
2 

|2 ⟩⟨𝑎 | + H . c ., (3)

n which parameter Ω( 𝑡 ) = 

√ 

Ω2 
0 ( 𝑡 ) + Ω2 

1 ( 𝑡 ) , the bright state |𝑏 ⟩ =
in ( 𝜃∕2) |0 ⟩ − 𝑒 𝑖𝜙 cos ( 𝜃∕2) |1 ⟩ with 𝜙 = 𝜙0 − 𝜙1 + 𝜋 and 𝜙2 = 0 . The

ark state |𝑑 1 ⟩ = − cos ( 𝜃∕2) 𝑒 − 𝑖𝜙|0 ⟩ − sin ( 𝜃∕2) |1 ⟩ is decoupled from the

 |𝑏 ⟩, |2 ⟩, |𝑎 ⟩} subspace. The quantum dynamical process is induced by

wo resonant couplings |𝑏 ⟩ ↔ |𝑎 ⟩ and |2 ⟩ ↔ |𝑎 ⟩, while the dark state |𝑑 1 ⟩
emains unchanged for constant 𝜃 and 𝜙. The evolution path of |𝑑 1 ⟩ state

orms the first dark path. 

Different to the first dark path with zero eigenvalue, another dark

ath can be simply proved by ⟨𝑑 2 ( 𝑡 ) |𝐻 𝑑 ( 𝑡 ) |𝑑 2 ( 𝑡 ) ⟩ = 0 with zero expecta-

ion value, leading the accumulated dynamical phase to be zero, and it

ould be parameterized by two time-dependent angles 𝛼 and 𝛽 as: 

𝑑 2 ( 𝑡 ) ⟩ = cos 𝛼( cos 𝛽𝑒 − 𝑖 𝜙0 |𝑏 ⟩ − sin 𝛽|2 ⟩) − 𝑖 sin 𝛼|𝑎 ⟩ (4)

According to the time dependent Schr\"{o}dinger equation, the re-

ationship of parameters |𝑑 2 ( 𝑡 ) ⟩ and 𝐻 𝑑 ( 𝑡 ) can be solved as: 

( 𝑡 ) = 2( 𝛽̇ cot 𝛼 sin 𝛽 + 𝛼̇ cos 𝛽) 
2 ( 𝑡 ) = 2( 𝛽̇ cot 𝛼 cos 𝛽 − 𝛼̇ sin 𝛽) (5) 

here the dot represents time differential. In particular, after choosing

 proper set of variables 𝛼( 𝑡 ) , 𝛽( 𝑡 ) and 𝜙0 , we can inversely engineer the

amiltonian 𝐻 𝑑 ( 𝑡 ) to induce a target evolution. Then, in this way, after

 cyclic evolution, we can design the dark path to induce a target non-

belian geometric phase on the bright state |𝑏 ⟩. Under the limitation

f cyclic evolution |𝑑 2 ( 𝑇 ) ⟩⟨𝑑 2 ( 𝑇 ) | = |𝑑 2 (0) ⟩⟨𝑑 2 (0) |, boundary conditions

ust be set as 𝛼( 𝑇 ) = 𝛼(0) = 0 and 𝛽( 𝑇 ) = 𝛽(0) = 0 . Meanwhile, 

⟨𝑑 𝑙 |𝐻 𝑑 ( 𝑡 ) |𝑑 𝑘 ⟩ = 0( 𝑙, 𝑘 = 1 , 2 ) can always be met when 𝜃 is time-

ndependent, i.e., there is also no dynamical phases accumulated dur-

ng the whole process of evolution. Therefore, we can finally obtain a

ure geometric phase to realize target nonadiabatic holonomic quantum

ates [15] . 

To achieve a universal set of single-qubit holonomic gates, the single-

oop method [ 19 , 23 ] is adopted, where the cyclic evolution time 𝑇 is

ivided into two equal intervals: 0 → 𝑇 ∕2 and 𝑇 ∕2 → 𝑇 . Specifically,

onsidering the boundary conditions, we set 𝛼( 𝑡 ) = 

𝜋

2 sin 
2 ( 𝜋𝑡 ∕ 𝑇 ) , 𝛽( 𝑡 ) =

[1 − cos 𝛼( 𝑡 )] during a cyclic evolution, with 𝜂 being a constant to decide

 target evolution path. When 𝜂 = 0 , the evolution process is reduced to

he same evolution as in previous NHQC scheme [ 19 , 23 ]. In addition

o the case of 𝜂 = 0 , as numerically illustrated in the Appendix, we note

hat increasing the value of 𝜂 can enhance the gate robustness against

ystematic errors, but it also lengthens the gate-time. Thus, consider-

ng both gate robustness and decoherence effect with current setup, we

hoose 𝜂 = 4 in the following experimental demonstration, unless other-

ise specified. Then, parameters Ω( 𝑡 ) , Ω2 ( 𝑡 ) can be resolved by Eq. (5 ).

uring the first interval 𝑡 ∈ [0 , 𝑇 ∕2] , we set 𝜙0 = 0 , the corresponding

volution operator is 𝑈 1 ( 𝑇 ∕2 , 0) = |𝑑 1 ⟩⟨𝑑 1 | − 𝑖 |𝑎 ⟩⟨𝑏 |. During the second

nterval 𝑡 ∈ [ 𝑇 ∕2 , 𝑇 ] , we set 𝜙′
0 = − 𝛾 with 𝛾 being an arbitrary constant

ngle. Then, the evolution operator is 𝑈 2 ( 𝑇 , 𝑇 ∕2) = |𝑑 1 ⟩⟨𝑑 1 | + 𝑖 𝑒 𝑖𝛾 |𝑏 ⟩⟨𝑎 |.
verall, as shown in Fig. 1 b, the initial state |𝑏 ⟩ goes along the same

ark path as state |𝑑 2 ( 𝑡 ) ⟩ and acquires a global geometric phase after a

yclic evolution. Meanwhile, the dark state |𝑑 ( 𝑡 ) ⟩ is always decoupled.
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Fig. 2. States populations dynamics during holonomic quantum gates per- 

forming on |0 ⟩ initial state. (a) and (c) are the probabilities of |0 ⟩, |1 ⟩, |2 ⟩ and 

|𝑎 ⟩ in conventional holonomic X and H gates ( 𝜂 = 0 ), respectively. (b) and (d) 

are the probabilities of |0 ⟩, |1 ⟩, |2 ⟩ and |𝑎 ⟩ in holonomic X and H gates based on 

two dark paths ( 𝜂 = 4 ), respectively. The experimental results (dots) agree well 

with the theoretical simulation (dash lines). The error bars indicate the standard 

deviation, each data point is averaged over 2000 experiments. 

Fig. 3. QPT results of holonomic single-qubit quantum gates. (a) The whole 

pipeline of QPT. (b) The bar charts of the real and imaginary parts of process 

matrix of X, H, T and S gates. The solid black outlines are for the theoretically 

predicted results. 
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onsequently, the whole holonomic matrix of the total geometric evolu-

ion is given by 𝑈 ( 𝑇 , 0) = |𝑑 1 ⟩⟨𝑑 1 | + 𝑒 𝑖𝛾 |𝑏 ⟩⟨𝑏 | in { |𝑑 1 ⟩, |𝑏 ⟩} subspace. This

nitary matrix can be rewritten in the qubit basis { |0 ⟩, |1 ⟩} as: 

( 𝜃, 𝜙, 𝛾) = 𝑒 𝑖 
𝛾
2 𝑒 − 𝑖 

𝛾
2 
⇀
𝑛 ⋅𝜎⃗ , (6)

here 𝑛 = ( sin 𝜃 cos 𝜙, sin 𝜃 sin 𝜙, cos 𝜃) and 𝜎⃗ is Pauli matrix. The above

otation matrix 𝑈 describes a rotation operation around the axis 𝑛 , by

n angle 𝛾, up to a global phase factor exp ( 𝑖𝛾∕2) , with the parameters

, 𝜙, 𝛾 determined by the applied microwave fields. 

. Experiment and results 

The platform performing our experiments is a 171 Y b + ion trapped in

 radio frequency needle trap. Four hyperfine energy levels of ground

tate 𝑆 1∕2 are used to encode the { |0 ⟩, |1 ⟩} computational subspace and

 |2 ⟩, |𝑎 ⟩} auxiliary levels. The frequency difference between |0 ⟩ and |𝑎 ⟩
tates is about 𝜔 0 𝑎 = 12 . 64 GHz. The |2 ⟩ ↔ |𝑎 ⟩ and |1 ⟩ ↔ |0 ⟩ transition

requencies are about 𝜔 20 ( 𝜔 10 ) = 12 . 50 MHz under 8.93 G magnetic field.

hree microwaves resonated with |𝑗⟩ ↔ |𝑎 ⟩( 𝑗 = 0 , 1 , 2) respectively are

sed to drive the four-energy level system. These microwave drives are

enerated through mixing method. In more detail, a microwave around

2.44 GHz generated from a radio frequency source is mixed with an-

ther microwave around 200 MHz, which is programmable to modulate

he driving information. Then this signal is amplified to about 10 W and

ransmitted to the ion through a microwave horn after a high pass filter.

he detailed setup description can be found in [44] . 

Every experiment is performed in the following process. After 1ms

oppler cooling, the ion is initialized to |𝑎 ⟩ state through 20 𝜇s opti-

al pumping. Then a resonant microwave between |0 ⟩ and |𝑎 ⟩ is ap-

lied to rotate the state to |0 ⟩ state. After that, the well-designed mi-

rowaves which include three frequency components are transmitted to

he ion to control the evolution of the system. By changing the ampli-

udes and phases of microwave drive, we can realize different holonomic

ingle qubit quantum gates as follows: 𝑋 = 𝑈 ( 𝜋2 , 0 , 𝜋) , 𝐻 = 𝑈 ( 𝜋4 , 0 , 𝜋) ,
 = 𝑈 (0 , 0 , 𝜋4 ) , and 𝑆 = 𝑈 (0 , 0 , 𝜋2 ) . Finally, a resonant microwave be-

ween |0 ⟩( |1 ⟩, |2 ⟩) and |𝑎 ⟩ is performed to transform the population to

𝑎 ⟩ state for state dependent fluorescence detection though a 0.4 numer-

cal aperture (NA) objective. For the purpose of figuring out the whole

rocess of geometric evolution in detail, we investigate the probabili-

ies of states |0 ⟩, |1 ⟩, |2 ⟩ and |𝑎 ⟩ during the state transfer process. These

emonstrative results of holonomic X gate and H gates for 𝜂 = 0 and

= 4 performing on |0 ⟩ initial state are shown in Fig. 2 . 

The performance of holonomic quantum gates based on two dark

aths (HQCTD with 𝜂 = 4 ) can be characterized through quantum pro-

ess tomography (QPT) method [45] . The corresponding gates duration

re 480 𝜇s under the maximum driving strength of (2 𝜋)10 kHz. The

PT method consists of three components, which includes preparing a

et of quantum states, sending them through the process and then using

uantum state tomography to identify the states. A complete set of basis

 |0 ⟩, |1 ⟩, ( |0 ⟩ + |1 ⟩)∕ √2 , ( |0 ⟩ − |1 ⟩)∕ √2 , ( |0 ⟩ + 𝑖 |1 ⟩)∕ √2 , ( |0 ⟩ − 𝑖 |1 ⟩)∕ √2 } 
re prepared through pre-rotations with the help of auxiliary energy

evel |𝑎 ⟩. The final process matrix 𝑆 exp could be reconstructed through

aximum likelihood estimation method according to the results of

uantum state tomography [46] . The whole pipeline of QPT is shown

n Fig. 3 a. The final fidelity of each process is calculated according to

 QPT = |Tr( 𝑆 exp 𝑆 †the ) |, where 𝑆 the is the theoretically predicted process

atrix. Four nonadiabatic holonomic single-qubit quantum gates with

= 4 are characterized as 𝐹 X = 96 . 48% , 𝐹 H = 97 . 70% , 𝐹 T = 97 . 24% and

 S = 97 . 51% respectively and the corresponding process matrix is

hown in Fig. 3 b. 

Another method to characterize the performance of holonomic quan-

um gates which does not depend on perfect state preparation and mea-

urements is randomized benchmarking (RB) [47] . We perform both

 reference RB experiment and an interleaved RB experiment to char-

cterize the average quantum gate fidelity and individual quantum
3 
ate fidelity. Standard RB method is based on uniformly random Clif-

ord operations. The Clifford group is defined as the group of unitary

hat normalize the Pauli group: 𝐶 = { 𝑉 ∈ 𝑈 2 |𝑉 𝑃 𝑉 † = 𝑃 } , where 𝑃 is

he single qubit Pauli matrix. We chose a Clifford generating set of

 = { 𝐼, 𝑋 ± 𝜋∕2 , 𝑋 𝜋, 𝑌 ± 𝜋∕2 , 𝑌 𝜋} . Each Clifford gate in a random sequence is

erformed by a random choice from the set of minimal length construc-

ions of that gate using pyGSTi, an open-source python implementation

ackage of Gate Set Tomography [48] . The probabilities of excited state

ith the function of number of Cliffords 𝑚 are shown in Fig. 4 . Both

ypes of curves are fitted with the function 𝐹 = 𝐴 𝑟 𝑚 + 𝐵 to obtain the

rror per Clifford gate 𝑟 ref and 𝑟 int for reference and interleaved RB,

espectively. The fidelity of average holonomic quantum gate and indi-

idual quantum gate can be calculated according to 𝐹 ave = 1 − 

1− 𝑟 ref 
2 and

 gate = 1 − (1 − 

𝑟 int 
𝑟 ref 

)∕2 . The results for four specific holonomic quantum

ates are 𝐹 X = 98 . 03% , 𝐹 H = 98 . 95% , 𝐹 T = 98 . 55% , 𝐹 S = 98 . 64 and the av-

rage gate fidelity is 𝐹 ave = 98 . 75% . The error of state preparation is

bout 0.5% while the error of measurement is about 0.6% [49] in our
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Fig. 4. RB results of holonomic single qubit quantum gates. Both sequences 

fidelities with the number of Clifford gates 𝑚 are fitted with 𝐹 = 𝐴 𝑟 𝑚 + 𝐵. The 

fidelity for each sequence length is measured for 20 different random sequences 

with the standard deviation from the mean plotted as the error bars. The inset 

is sequences of reference RB and interleaved RB experiments. 

Fig. 5. Noise-resilient feature of different single-qubit holonomic quantum 

gates. The comparison of HQCTD (with 𝜂 = 4 ) and NHQC (with 𝜂 = 0 ) of X, H, T 

and S gates with different Rabi frequency error are shown in (a), (b), (c) and (d), 

respectively. The performances of NHQC scheme have advantages than HQCTD 

scheme in around zero Rabi frequency error. However, as the error increases, 

the HQCTD performs better than NHQC. The experimental results (dots) agree 

well with the theoretical simulation (solid lines) when considering decoherence 

of the system. 
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etup. The total state preparation and measurement errors is about 1.1%,

hich is in agreement with the difference of gate-fidelities between RB

nd QPT in our experiment. 

With the demonstrated holonomic quantum gates, we further explore

he robustness of HQCTD against Rabi frequency error 𝛿Ω. We compare

he performance of HQCTD and the corresponding conventional three

evel holonomic quantum gates (NHQC with 𝜂 = 0 ) with the exactly

ame other parameters. As shown in Fig. 5 , in all demonstrative sin-

le quantum gates, the NHQC has advantages than HQCTD if the Rabi

requency error is smaller than 0 . 1Ω. However, as the Rabi frequency

rror 𝛿Ω increases, the HQCTD will perform better than conventional

HQC undoubtedly. The poor performance of HQCTD in small error is

ainly limited to coherence time of our system, which is about 800 𝜇s
or |1 ⟩ ↔ |𝑎 ⟩ and |2 ⟩ ↔ |𝑎 ⟩ Zeeman transition. Notice that the HQCTD

cheme always performs better than NHQC scheme without considering

he decoherence (the numerical simulations can be found in appendix).
4 
n addition, with the technical development, the improvement of hard-

are can effectively prolong coherence times of a quantum system [50] .

hen our method could be a powerful tool to overcome the errors from

mperfect operations and crosstalk between qubits (e.g., Raman beam

ntensity drift in trapped ion system [51] and control crosstalk in super-

onducting qubits [52] . We note that, the gate robustness from two- and

hree-level systems [ 53 , 54 , 37 ] can also be improved by optimal control

echnique with different theoretical methods, which has similar gate

erformance compared with our theoretical scheme and experimental

emonstration. 

For the purpose of universal quantum computation, two qubits en-

angling operation is also necessary. We propose a feasible two-qubit

ontrol phase gate scheme based on internal state (spin) { |0 ⟩, |1 ⟩} and

otional state (phonon) { |0 𝑝 ⟩, |1 𝑝 ⟩} of the ion. The coupling between

pin and phonon of the ion could be realized through two photons Ra-

an process. The corresponding Hamiltonian is 

̂
 = 𝐻̂ 𝑚 + 𝐻̂ 𝑒 + 𝐻̂ 𝑖 , (7)

here 𝐻̂ 𝑚 is the motional Hamiltonian along one trap axis, 𝐻̂ 𝑒 describes

he internal electronic level structure of the ion, and 𝐻̂ 𝑖 is the Hamil-

onian of the interactions mediated by the applied light fields. After

ransformed into the interaction picture and applied rotating-wave ap-

roximation, the interaction Hamiltonian will be 

̂
 ( 𝑡 ) = ( ℏ ∕2) Ω0 𝜎+ {1 + 𝑖 𝜂𝑝 ( ̂𝑎 𝑒 − 𝑖𝜐𝑡 + 𝑎̂ †𝑒 𝑖𝜐𝑡 )} 𝑒 𝑖 ( 𝜙𝑝 − 𝛿𝑡 ) + H . c ., (8)

hich contains three resonances according to 𝛿 = 0 , ± 𝜐 (carry, blue and

ed transitions respectively). The parameters 𝜂𝑝 is Lamb-Dicke coeffi-

ient, 𝜐 is the phonon frequency, Ω0 and 𝜙𝑝 are Rabi frequency and

hase of the interaction. 

A resonant carry transition between |𝑎 0 𝑝 ⟩ and |20 𝑝 ⟩ and a resonant

lue sideband transition between |𝑎 0 𝑝 ⟩ and |11 𝑝 ⟩ will result in the Hamil-

onian: 

( 𝑡 ) = 

1 
2 
Ω1 ( 𝑡 ) 𝑒 − 𝑖𝜙( 𝑡 ) 

|||11 𝑝 
⟩⟨
𝑎 0 𝑝 

||| + Ω2 ( 𝑡 ) 
|||20 𝑝 

⟩⟨
𝑎 0 𝑝 

||| + H . c ., (9)

here the Ω1 and Ω2 are assigned according to Eq. 5 , with the parameter

= 0 . We set 𝛼( 𝑡 ) = 

𝜋

2 sin 
2 ( 𝜋𝑡 

𝑇 
) , 𝛽( 𝑡 ) = 4[1 − cos ( 𝛼( 𝑡 ))] during a cyclic evo-

ution. Then a geometric gate diag ( 𝑒 𝑖𝛾 , 𝑒 − 𝑖𝛾 ) in the subspace { |11 𝑝 ⟩, |𝑎 0 𝑝 ⟩}
ould be realized. When only considering the two-qubit computational

ubspace { |00 𝑝 ⟩, |01 𝑝 ⟩, |10 𝑝 ⟩, |11 𝑝 ⟩} , the resulting unitary operation cor-

esponds to a controlled-phase gate with a conditional phase 𝛾 will be

chieved as 𝑈 ( 𝛾) = diag (1 , 1 , 1 , 𝑒 𝑖𝛾 ) . In our realistic platform, 𝜂𝑝 = 0 . 1 ,
𝑥 = 2 . 4 MHz and with 20 mW average power in each laser beams, the

ffective Rabi frequency of blue sideband is about 100 𝜇s , resulting cor-

esponding two-qubit control phase gate time is about 500 𝜇s . In addi-

ion, one can use the phonon as the quantum bus to realize entanglement

etween two spins at different ions. That is, we can be firstly entangled

on 1 and the phonon using 𝑈 ( 𝛾) when their both at the superposition

tate of ( |0 ⟩ + |1 ⟩)∕ √2 , then another spin can be entangled with the same

honon similarly. Finally, after a measurement on the phonon in the ba-

is of ( |0 ⟩𝑝 ± |1 ⟩𝑝 )∕ √2 , the two ions can be entangled together, via the

honon bus. 

. Conclusion 

In conclusion, we have experimentally demonstrated arbitrary ro-

ust nonadiabatic holonomic single-qubit quantum gates using four hy-

erfine energy levels of an ion. Both QPT and RB methods are used

o characterize the performance of these quantum gates. The superior

gainst Rabi frequency error of the realized quantum gates is verified

hrough comparison with the corresponding conventional NHQC gates.

he distinct advantage of these holonomic quantum gates illustrates that

hey are promising candidates for robust quantum computation. Finally,

iming at a universal robust NHQC, we also propose a scheme for non-

rivial two-qubit control phase gate, which can be realized with an ion

ubit and its phonon qubit. Therefore, our work validates the feasibility

owards robust NHQC in the trapped ions platform. 
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Fig. 6. Noise-resilient feature of different single-qubit holonomic quantum 

gates. The comparisons of HQCTD (with 𝜂 = 2 , 4 , 6 ) and NHQC (with 𝜂 = 0 ) for X 

and S gates with different Rabi frequency error are shown in (a) and (b) without 

decoherence, (c) and (d) with decoherence, respectively. 
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Fig. 7. Noise-resilient feature for both X- and Z-axis rotations. The compar- 

isons of NHQC (with 𝜂 = 0 ) and HQCTD (with 𝜂 = 4 ) without decoherence are 

shown in (a) and (b) for X-axis rotations, (c) and (d) for Z-axis rotations, with 

different Rabi frequency error, respectively. 
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ppendix 

Here, we add numerical simulations to illustrate that our scheme has

etter gate robustness against systematic errors. Different from previ-

us NHQC schemes, our scheme has two time-dependent variables, and

e can proper design them to significantly enhance the gate robust-

ess. To faithfully verify our scheme, we consider a quantum system

uffers systematic Rabi frequency error, i.e., 𝐻 

𝛿
𝑑 
( 𝑡 ) = (1 + 𝛿Ω∕Ω) 𝐻 𝑑 ( 𝑡 ) .

e compare the performance of holonomic quantum gates of X and S

ates based on two dark paths (HQCTD with 𝜂 = 2 , 4 , 6 ) and the cor-

esponding conventional holonomic quantum gates (NHQC with 𝜂 = 0 )
ith the exact same other parameters. For ideal case without decoher-

nce, X and S gates in our HQCTD scheme perform better than NHQC

cheme, as shown in Fig. 6 a, b. While the performances of NHQC scheme

ave advantages over HQCTD scheme around zero Rabi frequency error

ith decoherence, as shown in Fig. 6 c, d, and the HQCTD performs bet-

er than NHQC as the error increasing. Based on above numerical sim-

lations and considering both gate robustness and decoherence effect

ith current setup, we choose 𝜂 = 4 in our experimental demonstration.
5 
ote that, our scheme also favors technical development, which makes

he decoherence effect to be less important. 

In addition, to further illustrate the generality of our proposal for

QCTD with 𝜂 = 4 case, we compare the gate performance without de-

oherence of all X-axis rotations (with 𝑛̂ = (1 , 0 , 0) in Eq. 6 in main text)

nd all Z-axis rotations (with 𝑛̂ = (0 , 0 , 1) ) in the case of 𝜂 = 0 and 𝜂 = 4 ,
espectively. As shown in Fig. 7 , the HQCTD (with 𝜂 = 4 ) is more ro-

ust against Rabi frequency error than NHQC (with 𝜂 = 0 ) in both X-

nd Z-axis rotations. As arbitrary single-qubit gate can be constructed

rom X-axis and Z-axis rotations, this does show our HQCTD proposal is

ore robust against conventional NHQC case. Actually, the robustness

f all other axis rotations in our proposal can also be numerically demon-

trated. Therefore, our HQCTD scheme possesses stronger robustness in

 more general case. 
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