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Recently, research on nonequilibrium dynamics sparked a great amount of topics. One of particular concern is
the dynamical quantum phase transition in quenched systems. In this work, we experimentally simulated the
slow quenches in a quantum transverse-field Ising model crossing two quantum critical points. We studied
the relationship between the appearance of the dynamical quantum phase transition and the quench rate,
using the discontinuity of the dynamical topological order parameter (DTOP). In addition, an oscillation of
the DTOP is also observed in our experiment. These results provide more insight into the topological aspect of

the nonequilibrium dynamics.
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I. INTRODUCTION

With the development of the technologies in quantum sim-
ulations, especially the ultracold atoms in optical lattices [1,2]
and trapped ions [3-6], the study of the nonequilibrium dy-
namics of a closed quantum system, particularly the quench
dynamics, has become a topic that has attracted much interest
and focus in the past years [7-9]. The quenching process is a
typical nonequilibrium process, which comes in two different
forms. One is called the sudden quench, where the system
is first prepared in the ground state of an initial Hamiltonian
H;, followed by an abrupt change to a final Hamiltonian H.
Subsequently, the system evolves under the final Hamiltonian
Hy. The other one is called the slow quench, where the system
is also initialized to the ground state of a Hamiltonian H;, but
then the Hamiltonian is slowly changed to the final Hamilto-
nian H/ (the speed of the change is typically characterized by
a quench ratio parameter t [10]), and the following evolution
of the system is also governed by the Hamiltonian H.

It is generally recognized that the dynamical quantum
phase transition (DQPT) [11,12], which was first introduced
in [13] by analogy with the phase transition in thermody-
namic systems [14], may occur in some quench processes,
especially in the sudden quenches across one critical point.
Just like in the equilibrium phase transition where the free
energy function goes through a nonanalytical point at the
critical temperature, DQPTs take place at a critical time when
the Loschmidt echo becomes nonanalytical [15]. DQPTs have
been observed in the sudden quenches in both integrable
[16-19] and nonintegrable [20,21] systems. However, the sit-
uation is much more complicated in the slow quenches due
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to the Kibble-Zurek mechanism (KZM). According to the
KZM, which was first proposed by Kibble [22] in order to
describe the symmetry broken in cosmology and then intro-
duced into condensed matter physics by Zurek [10], when
the slow quench crosses the phase boundary, the dynamics
are not adiabatic and some topological defects will appear
[23-29]. Consequently, the final state of the slow quench is
strongly dependent on the speed of the quench. As a result,
the appearance of the DQPTs in the slow quenches will be
different from that in the sudden quenches [30]. Moreover,
when the quench crosses more than one critical point, the
appearance of DQPT adds additional complications.

In this study, we experimentally simulated the quenches
with different speeds between two paramagnetic phases in
the momentum space of the one-dimensional (1D) quan-
tum transverse-field Ising model (QTFIM) and characterized
the DQPT with the dynamical topological order parameter
(DTOP) [31,32]. By experimentally comparing the DQPT
appearing in the sudden quenches and the slow quenches
with Loschmidt echo measurements in momentum space, our
results show that the DQPT appears when the quench rate
is slow enough, whereas the DQPT does not appear in the
corresponding sudden quench. In addition, we also observed
the oscillation of the DTOP which is different from the be-
havior of the DTOP when the quenches only cross one critical
point (the DTOP increases stepwise by 1 at every quantum
dynamical phase transition) [31,32].

II. RESULT

The Hamiltonian of the well-known 1D QTFIM can be
written as

N N
H:—J(Zofaf—i—hZaf), 1)
(i,J) i
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FIG. 1. Phase graph of the QTFIM and the quenching scheme in
our experiments. The strength of the transverse field A(¢) is quenched
from h(t;) < —1to h(t;) > 1, and the system is quenched from one
paramagnetic phase to another paramagnetic phase.

where o (@ =x,y,z) is the Pauli matrix of the ith spin,
(i, j) denotes that i and j are the nearest neighbors, N is the
number of spins, and 4 is the strength of the transverse field.
Fortunately, this model can be analytically solved through
the Fourier transformation and Jordan-Wigner transformation
[33], and it can be decoupled to a series of independent two-
level subsystems in the momentum space. The Hamiltonian of
the decoupled subsystem with momentum (quasimomentum)
k can be read as

—h+cosk
isink

2

—isink
Hk_z']( h—cosk)’

where k takes N different values {:l:%%’, el :I:(%’ — %)%’}.

The energy gap of Hy is E, = 2¢;, = 2\/(h — cosk)? +sin’ k
(e are eigenvalues of Hy); it is only close at k = O with h =
—1 or k = with h =1 which corresponds to two critical
points of £ in this model. Actually, for | & |< 1, it is a ferro-
magnetic phase, and for other values of 4, it is a paramagnetic
phase. The nonequilibrium dynamics of the sudden quench
between the ferromagnetic phase and the paramagnetic phase
in the QTFIM have been extensively investigated [34-37] and
DQPTs have been found in this system [6,13].

Generally, the DQPTs are characterized by the Fisher ze-
ros of the Loschmidt amplitude, and G(t) = (Vo | e ™! | o)
(where | 1) is the wave function of the system at the begin-
ning of the evolution with the Hamiltonian H) [38]. In our
current QTFIM, the Loschmidt amplitude can be rewritten as
G(t) = [, Gk(t), where G (¢) is the Loschmidt amplitude in
the two-level subsystem with the momentum k. It is clear that
the Fisher zeros appear if and only if Gy(r) =0 for some
quasimomentum k. Effectively, the initial state in the two-
level subsystem with the Hamiltonian H; can be written as
ug|@r—) + vlert) (Where |@g_) is the ground state and |gy )
is the excited state—they are eigenvectors of the Hamiltonian
Hp). As a result, the Loschmidt amplitude G(¢) = 0 (DQPT
occurs) if and only if |u|*> = |v|? = %

Here, we focus on the quenches between two paramagnetic
phases which will cross two critical points, depicted as Fig. 1.
We can see in the following that there is no DQPT for sudden
quench and the DQPTs will appear when the quench speed
is slow enough. For simplicity, we suppose that #; < —1 in
the initial Hamiltonian and /; >> 1 in the final Hamiltonian.
The initial state in the momentum space k is prepared as the
ground state of the Hamiltonian Hj ;. When parameter A in

the Hamiltonian, Eq. (1), is suddenly quenched from #4; to
hy (Hy,; is suddenly changed to Hy  at the same time), the
Loschmidt amplitude is G (¢) = (0]e~"Hx/'|0) = e~ as the
initial state |0) is also the excited eigenstate of Hj ; under
hy > 1. Obviously, |G| = 1 and it is never equal to zero for
any k. Thus, there is no DQPT in this sudden quench.

For the slow quench, suppose the parameter i is time
dependent as h(t) = t/t, where t describes the quench rate.
Since the quench will cross two critical points where the en-
ergy gap is closed, according to the KZM, there will be some
complicated nonadiabatic evolution. However, the evolution is
quite simple in the momentum space which can be described
by N different Landau-Zener (LZ) processes. According to
the LZ transition formula [39,40], the transition probability
from the initial ground state |0) to the final excited state can
be written as py = e sin” k [41], which is strongly dependent
on quench rate . After the slow quench, it continues to evolve
under the Hamiltonian H; ; and the DQPT will appear if

—mrsin®k _ 2 In2

7 sin’ k e

and only if e %, which leads to T =
0.22 as k is a real number.

In order to detect the appearance of the DQPT in the
quenches of the nontopological QTFIM system, we can de-
fine the topological quantity DTOP, which is very robust and
convenient for experiments [42]. The definition of the DTOP
is based on the Pancharatnam geometric phase (PGP) for
each momentum k which is an extending concept of Berry’s
phase into acyclic and nonadiabatic dynamics. Generally, the
Loschmidt amplitude is a complex number and its argument
is a global phase which includes a dynamical part ¢§yn(t) =

— fot (Y (s)|Hy, £ (s))ds and a PGP part ¢ « (¢ ) [42]. With the
PGP for each momentum k, the topological quantity DTOP
can be defined as

1 (7 9¢g
)= — —dk e Z, 3
vp(t) znyg o Gk € 3)

which is an integer and is robust in the experiment. The DQPT
can be clearly detected by the discontinuity of the PGP and
DTOP. Generally, the DTOP for the quenches crossing one
critical point forms a stepwise increasing platform. However,
the DTOP for quenches crossing two critical points may
demonstrate oscillation between 0 and 1, which indicates that
DQPTs successively appear at the discontinuous point. To
investigate the quench dynamics of the QTFIM, we exper-
imentally simulate the quenches in the momentum space k.
For each k, the slow quench dynamics can be well described
by an LZ process and a consecutive evolution. As a result, the
whole quench dynamics of the QTFIM can be explored by
the dynamics in a series of slow quenches in a qubit system.
In the experiment, the LZ model is realized with a '"'Yb*
ion confined in a Paul trap [43], consisting of six needles
placed on two perpendicular planes, as shown in Fig. 2(a). The
hyperfine clock transition in the ground state S, manifold
is chosen to realize the two-dimensional system (qubit), with
energy levels denoted by |0) = |F =0, mp =0) and |1) =
|FF =1, mp = 0), as shown in Fig. 2 (b). In zero static mag-
netic field, the splitting between |0) and |1) is 12.642812 GHz.
We applied a static magnetic field of 4.66 G to define the quan-
tization axis, which changes the |0) to |1) resonance frequency
to 12.642819 GHz. In order to manipulate the hyperfine qubit
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FIG. 2. The method to experimentally detect DQPTs. The dynamics of the QTFIM is decoupled into a series of Landau-Zener processes
which can be simulated by a trapped '"'Yb™ ion. (a) The Paul trap used in the experiment: the distance between two rf needles is 200 m.
A 369-nm laser is applied for Doppler cooling, state initialization, and detection, and the microwave irradiation from a horn antenna is used
to manipulate ion spin states. (b) Energy levels of "'Yb*, [0) = |F =0, m;y =0) and |1) = |F = 1, my = 0) of hyperfine states of NV
constitute the qubit levels in our experiments. (¢) Microwave hardware configuration to drive the qubit: a programed wave generated by the
AWG is mixed with a 12.44-GHz wave, filtered with a high-pass filter (HPF), amplified, and sent to the antenna. (d)—(f) The scheme to detect

PGP, which includes three stages.

with high control ability, coherent driving is implemented by
a wave mixing method [see the scheme in Fig. 2(c)]. First,
an arbitrary wave generator (AWG) is programed to generate
signals around 200 MHz. Then, the waveform is mixed with a
12.442819-GHz microwave (generated by Agilent, E8257D)
by a frequency mixer. Afterward, a high-pass filter is used to
remove the 12.242-GHz component and pass the 12.642-GHz
wave, which is then amplified to 2 W and irradiated to the
trapped ion by a horn antenna.

To measure the PGP obtained during the quench processes
in the two-level subsystem with momentum k, a scheme that
consists of three stages is applied in the experiment. The qubit
state after quench and energy gap of H;  are measured in the
first and second stages, respectively. The PGPs are measured
in the third stage. The three stages include eight steps:

(1) The qubit state is prepared to the ground state |;) of
the initial Hamiltonian H; ; with & = —10.

(2) h is slowly quenched from —10 to 10 with quench
rate . Meanwhile, the qubit state will evolve to the state
[Yo) = alp_) + blpy), where the coefficients @ and b are
strongly dependent on the quench rate, and {|¢_), |¢+)} are
the eigenstates of the final Hamiltonian Hy ; with 2 = 10. The
final state can be expressed in a density matrix pg = |¥o) (Yol-

(3) Measure the final state pg in step 2 by a qubit tomog-
raphy method. From the diagonal element of py, we can read
out the energy level occupancy |a|? and |b|?.

(4) Prepare an initial state and drive it with Hy r; by
recording the bright state occupancy at different driven time
t, a flopping curve can be acquired. By adjusting the ini-
tial state, a flopping curve with a clear contrast can be
obtained.

(5) Repeat steps 1 and 2, which will prepare and then
quench the state to another py.

(6) Keep Hy  to drive the system for some dynamical time
t4 to evolve the system to the state [f).

(7) Cancel out the dynamic phase of step 3, which is
realized by driving the qubit under the Hamiltonian H = E p,
for another 7;. The Hamiltonian is constructed from the mea-
surement result of step 3, where E = (|b|*> — |a|?)E,/2. The
current state of the system is denoted as |Vqqp).

(8) Finally, the qubit is driven under the Hamiltonian H =
Eypp and the Rabi flopping curve with different flopping time
ffop is recorded. Since the initial phase of the flopping curve
does not depend on E, we set it to 27 /tg for convenience.

Steps 1-3 constitute the first stage, which is constructed to
obtain the state pg to be used in the third stage. In the second
stage (step 4), the energy gap E, of H; y can be obtained by
fitting the period of curve, as shown in Fig. 3(a). The third
stage includes four steps (steps 5—8); operations of these steps
are shown on the Bloch sphere in Fig. 2(d).

Applying the above measurement scheme, a typical image
of flopping curves is shown in Fig. 3(b) with t = 0.22 and
k = 0.497. Along the horizontal axis a clear stripe structure
appears. According to the line at #; = 0.24¢ in this structure,
a flopping curve is drawn as Fig. 3(c). The geometrical phase
¢k, ) at (0.49, 0.241g) is 6.13 £ 0.03, which is obtained
by fitting the corresponding flopping curve with the formula
A sin(Qtgop — ) + B [18], where the fitting parameters A,
2, and B are the amplitude, Rabi frequency, and curve offset,
respectively.

Under quench rate T = 0.22, the 50 subimages of the

flopping curves, which correspond to different k; = 1% with
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FIG. 3. Measured flopping curves at 7 = 0.22 with N = 100. (a) The bright state occupancy curve of k,s during step 4. The energy gap
E, is obtained by 27 /T;, where Ty is the period of flopping by data fitting. (b) The subimages corresponding to momentum k,s. The vertical
axis is the evolution time #; and the horizontal axis is the flopping time fg,p, With column (#,, t3,, = 0) corresponding to the data points in the
shaded zone of (a). The dynamical evolution time #; and flopping time fg,, are normalized with 7, where fr = 120 s is the resonant Rabi time
in the experiment. (c) The flopping curve of momentum ks at t; = 0.24 z; the PGP ¢ for (k, z,;) can be obtained by fitting the corresponding

flopping curve with a formula A sin(Qtg0, —
momenta (kq, ..., ksg).

[=1,3,...,99, are shown in Fig. 3(d). In the experi-
ment, flopping curves with three different quench rates t =
0.10, 0.22,0.50 are measured, respectively. The geometric
phases ¢¢ are constructed and shown in Fig. 4. It depicts
the evolution of the PGP with different k£ in the Brillouin
zone under different quench rates. There are two w-jumps of
PGP during the dynamical evolution for both 7 = 0.22 and
7 = 0.50 at some time 7;, which means that two DQPTs take
place. For the quench rate T = 0.10, which is below 0.22, no
feature of DQPT is observed.

The existence of the DQPT can be explicitly observed
by the discontinuity of the DTOP obtained by the measured

(a) (b) (c)

¢c) + B. (d) The array of 5 x 10 subimages corresponding to the flopping curve data of different

PGP. As shown in Fig. 4(g), the DTOP has its first jump at
the dynamical evolution step 7; = 0.16¢z with quench rate
T = 0.22, which can be regarded as a sign of DQPT. Then
the DTOP jumps back to zero immediately. It means another
DQPT occurs. The interval of two DQPTs is dependent on the
distance of the two critical momenta k.. For the quench rate
T = 0.50, which is shown in Fig. 4(h), two DQPTs are clearly
shown and a constant DTOP presents between them. If the
quench is faster, for instance, 7 = 0.10, no DQPT occurs and
we cannot see any changes of the DTOP.

Another fascinating prediction made in [30] is the os-
cillatory behavior of the DTOP when quenches cross two
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FIG. 4. Pancharatnam geometric phase maps for different evolution time #, (normalized with Rabi time #z) and different momentum k and

DTOP. Experimentally measured PGP maps for quench rate (a) T = 0.10, (b) T = 0.22, and (c) T = 0.50. Theoretical PGP maps for quench
rate (d) 7 = 0.10, (e) T = 0.22, and (f) = = 0.50. Note, a phase wrapping algorithm is used to format the measured data to the [0, 277) range;
when the theoretical data value is near zero or 27, a small error of measured data can cause a 27 phase jump through the wrapping algorithm,
which leads to a mismatch illusion between theoretical and experimental results. DTOPs for (g) v = 0.22 and (h) v = 0.50 with experimental
(blue dots) and theoretical (orange lines) results, respectively.
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FIG. 5. The theoretical prediction (red line) of DTOP v, for T =
0.50 and the corresponding experimental result (blue dots). Their
oscillation over evolution time ¢, is highly consistent except for a
slight time misalignment caused by the Rabi time flutter during the
experiment.

quantum critical points. In this situation, there are two DQPT
types, corresponding to two critical quasimomenta ki and k3.
For each critical momentum k*, there is a series of DQPT
that occurs at critical time t* = 2?—* with period 2%, and
the critical times are #; , = ti(2n+ 1), n=0,1,2,.

our case (£ corresponding to two critical momenta). More
importantly, the geometry phases corresponding to ki and &
can be canceled when both of the DQPT types happen. As
a result, platforms and oscillation formed. To demonstrate
the oscillation phenomenon, we dramatically improved the
simulation time in our setup. As shown in Fig. 5 with quench
rate T = 0.50, the DTOP oscillated and formed three plat-
forms with a width ratio 1:3:5, consistent with the theoretical

prediction.

III. CONCLUSION

In summary, we have demonstrated an experimental simu-
lation of a 1D QTFIM going through a slow quench scheme.
We observed the relationship between the quench rate and
the appearance of the DQPT through the discontinuity of the
PGP and DTOP. We found that if the quench rate v > 0.22,
there are always two DQPTSs happening even though there is
no DQPT appearing in the corresponding sudden quenches.
We also observed the oscillation of the DTOP when the
quench crosses two critical points. Our experiment contributes
a method to study DQPTs by detecting the Pancharatnam ge-
ometric phase in momentum space which can be extended in
more general models [44] and it opens the way to investigate
more complicated behavior of the nonequilibrium dynamics.
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APPENDIX A: MAPPING BETWEEN SPIN
AND FREE-FERMION REPRESENTATIONS
IN THE ISING MODEL

We consider the 1D quantum transverse field Ising model
(QTFIM) with a magnetic field 4. The QTFIM Hamiltonian is
given by

N

H=—J% (6365, +hsp). (A1)
1

where J is the hopping parameter and &,; is the Pauli matrix

along the o = x, z direction at site m. Here we conveniently

assume the system size N is even and impose periodic bound-

ary conditions 6y, = 67. The Hamiltonian is mapped to a

free-fermion model through the Jordan-Wigner transforma-
tion [45]

+ Cm) 1_[ (1 - 2C /Cm GA";CI = 1 - 26‘;16,".
m'<m

(A2)
Inserting Eq. (A2) into the Ising Hamiltonian [Eq. (A1)], we

find that the Hamiltonian in quadratic form using the Fermi
operators is

N—1
of
=—J § Cmcl11+] + Cm+lcm + Cnlmi1 + Cm m+1

m=1

N
+h Y (1=28)8) + T1(E 01 + ener+ejey + @T@L)}-
m=1

(A3)

This Hamiltonian includes terms such as ¢,,¢t1 OF 6; Héjn

that violate the fermion conservation. However, the parity

operator [T = (— 1)2"x 1&nén is a constant of motion having the
values +1 and —1. We expand ¢,, into the Fourier modes

—m/4
Cn = exp [im(ka)]cy, (A4)
D
where the pseudomomenta k take values
k=@j—1) =N (AS)
= Na J , J = 5 yeeey
Using the choice of even N and considering the antiperiodic
boundary condition ¢y = —Cx, the Hamiltonian maps to
A A Cr
Hewen=— Y (& ¢_)Hi ( & k), (A6)
O<k<Z -
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where H is defined by

Hy, = 2J(h — cos (ka))6* + 2J sin (ka)é ™. (A7)

As this mapping involves pseudomomenta k, we can treat
the mapping space as momentum space. Next, we use the
Bogoliubov transformation to map into a new set of fermionic
operators 7, whose number is conserved. These new operators
are defined by a unitary transformation on the pair ¢, &t o

N A * AT
Crk = WYk + V4V s

where uy, v, are numbers satisfying u,% + v,% =1, u_y = uy,
and v_; = —uvy. It can be checked that the canonical fermion
anticommutation relation for the ¢; implies that the same

relations are also satisfied by #;; that is,
P Py = ews (90 90 = 1w, D) = 0.

The Hamiltonian can be diagonalized in terms of %,

Heen = Y &M@ 7+ 9574 — 1),

O<k<Z
a

(A8)

where € (h) = 2Jy/(h — cos (ka))? + sin? (ka), with the
ground state defined 7|0) = 0.

The Bogoliubov transformation is time dependent, and the
Bogoliubov modes [u (1), vi(¢)] must satisfy the Heisenberg
equation ihék = [ck, 7—AlEven], which derives that the evolution
of u; and vy is in a Landau-Zener form from [46]

d w1, ,[h(t) — cos(ka) sin(ka) Vk
’hE [Mk] o 2J[ sin(ka) —h() + cos(ka)] [Mk]'
(A9)

APPENDIX B: MEASURING THE GEOMETRIC PHASE

We suppose the system is initially quenched to an initial
state, and then it continues to evolve to a final state at time
t. The Loschmidt amplitude (LA) between the two states is
defined as

G@t) = (Yol¥),

where |) is the initial quenched state and |, ) is the evolved
quenched state at time ¢ after the end of the quench. Since the
two-dimensional subsystems in momentum space are uncou-
pled, the LA can be written as

G=[]6=]]wWrolves -
k

k

The phase of LA will have a 7 jump when the DQPT
occurs. To measure this phase experimentally, we rewrite the
LA. Assuming the final two-dimensional Hamiltonian has two
eigenstates |@x_), |¢r+) with eigenvalue +¢;, then we obtain

[Yk0) = urlgr—) + vielgit),
[Wie) = € [P = wee'™ @) + viee ™ [y ),
and
Gi(t) = lug P + Juy e

It is worth noting that the phase of G(¢) includes both geo-
metrical and dynamical parts. To obtain the pure geometrical

phase, we deducted the dynamical part:
P6.k1 = Z(Gr()) = (lvl® — lue|*ext.

To measure the pure geometrical phase experimentally, we
designed a method to deduct the dynamical phase. The basic
idea of the method is to evolve the system under a designated
Hamiltonian, which will generate a unitary operator to can-
cel the dynamical part. Then the LA contains only the pure
geometrical phase:

Gk,G(t) — e—i(lvk\z—luk\z)ﬂtGk(l)‘

Letting E = (|w|> — |w|>)ex  and
E|Yi.0)(¥r.o0l, it can be deduced that

Grg(t) = e " (Yol Vs) = (Wrole ™ W)
= (Yrole ™ Yns) = (Yol Vers),

where Y1) = e |y ;). By performing an extra unitary
operator, the dynamical phase can be canceled.

To construct the Hamiltonian H. = E [y 0) (Vk.0|, we can
first measure the initial quenched state pg = |¥k.0)(Vr.0| by a
quantum tomography method, which we further introduce in
Appendix E. To measure the phase of Gy ¢(t), we can use the
time-resolved state tomography method [18]. As the evolved
quenched state | ;) can be decomposed,

[Yr) = Gr(O| o) — 2iugvy sin(exd)| iy,

where |1ﬂ,i-0> = v} |gr—) — uf|gk+) is the orthogonal state of
[¥k.0). If we continue the evolution under H, after the dynam-
ical phase is canceled, the probability of the excited state is

defining H, =

(et Wekrs ) (Wgrors 1 grr)
= e 2(IGel? + 4lue]* sin®(ext)
+ 4|Gy||ug | sin(ext) sin(Et’ + ¢ x.1)), (B1)

where ¢’ is the additional time used to drive after the evolved
quenched state. By recording the excitation probability of the
final states at different ¢’, we can get the phase by fitting the
recorded data with

P(t/)k,t =Ag,; Sin(ZJTI//T + ¢6,xi) + Bis.

Applying the measurement scheme in the main text, the
flopping curves can be measured with different momentum k
and dynamical evolution time ;. Then a fast Fourier transform
is performed on the experimental data to analyze the geomet-
rical phase ¢ x,. The biggest challenge is that the amplitude
Ay,; will be negative and cause an extra 7w phase if we ignore
the sign of it. With the help of the phase continuity in k-space,
the sign of each amplitude can be uniquely determined. We
use this method to solve the extra w-phase problem.

APPENDIX C: DQPT IN MOMENTUM SPACE

Supposing the initial state in the two-dimensional subsys-
tem with momentum k is

[Vk.0) = el @r,-) + Vilgr.+), (ChH

where |ug|? + |ux|* = 1 and |@; _) (Jgr 4)) is the ground (ex-
cited) state of the final Hamiltonian H;_ ;. Then, the evolution
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under the Hamiltonian H ; only adds some time-dependent
phases into each basis, and thus we can get the Loschmidt
amplitude as

Gi(t) = |ug|*e" + |vg|*e ™", (C2)

where £¢; are the eigenvalues of Hy ;. The Fisher zeros of the
Loschmidt amplitude can be further found as
1wl
tyk) = —[—iln| —5 ) + Cn+ Dx]. (C3)
2¢ ( Juag |2 )

Obviously, #, is a real number if and only if |u|> = |v|> = %
In another words, when the former condition is satisfied, the
DQPT will appear.

For the sudden quench, the condition is straightforward
and only dependent on the initial state. However, for a slow
quench, there is a nonadiabatic evolution across the phase
boundary, where the transition between the ground state and
the excited state will happen. As a result, the appearance of the
DQPT is dependent on the quench rate t. According to the LZ
transition formula [39,40], the transition probability from the
ground state to the excited state during the slow quench, from
Hy ; to Hy y, can be written as

P = lyl? = 7T, (C4)

As mentioned before, if the DQPT appears in the following
evolution (governed by Hj ), the amplitude of the excited

state satisfies e~ 775"k — 1, which means 7 > 22 ~ 0.22.
In the sudden quench, there is no DQPT. The ground state

for H; f is

sink
|8i.f )k = = lor._)
\/ 2€; .y — 2(hi p — cosk)er i, p)
B — cosk — €rr ¢
bieed TR OGN, ). (CS)

\/ZGIf(iqf) —2(h; y — cosk)ex i 1y

After the sudden quench the excitation probability is 1 —
[vg]?, where vy is

sin®k + [h; — cosk — €xillhy — cosk — € s]

Vy = .
2\/[6131- — (h; — cos k)ek,i][elfyf — (hy — cosk)ey. f]

(Co)

Under the condition #; = —hy, v, take the maximum when

k=m/2, and vy = }n < */75, which means the excitation
2

probability is always larger than % Furthermore, a larger
|h;, ¢| will lead to higher excitation probability. Therefore, in
a sudden quench from one para-magnetic phase to another
paramagnetic phase, the DQPT will never take place.

However, if the quench is slow enough, for k ## 0, 7= the
subsystem can evolve adiabatically. According to the continu-
ity of the excitation probability with quench rate, there exists
a specific 7, that for t > 7, the DQPT can appear, i.e., for
some |u|* equal 1.

For large h and t > Zf{—2, there are always two critical mo-
menta k* and w — k*, where

In2

sink* =,/ —. (CT
T

(@) Re(pexperiment) (®) Im (pexperiment)
1 05 o7
0.6
05 0 05
0.4
0 -0.5 0.3
<ol 0.2
- > - 0.1

10> 0> 0
©)  Re(Error) @ I (Error)

0.2

0.2

<0|

<1 11> <1| 11>
10> 10> -0.2

FIG. 6. A typical tomography result for the initial quenched state
at (t =0.22, k = 0.66). (a) and (b) represent the real part of the
result; (c) and (d) represent the imaginary part of the result. The
preparation fidelity is calculated as 99.4% from the tomography
result.

Those momenta correspond to two critical times of the
DQPTs:
T b4

= , F= . C8
T 2€ T 26, i+ (C8)

APPENDIX D: DRIVING WAVEFORM OF AWG

We suppose the driving microwave from the AWG is
Acos (ot + ®(t)), where A is the amplitude, f. = w /27 is
the carrier frequency, and ®(¢) is an arbitrary phase function.
After the frequency mixer with a local oscillator, the wave-
form is

A cos (wct + D(t)) cos(wot) = A/2(cos ((w, + we )t + D(t))
+ cos ((w, — we )t — D(1))).

When the wave passes through the high-pass filter, the
waveform becomes A/2 cos ((w, + w )t + ®(¢)). In the ex-
periment, we choose the w, + @, to resonate with the qubit
transition wp = w, + w,, so that the final driving waveform
is cos (wgt + ®(1)). In this condition, the Hamiltonian of the
driving qubit after the rotating wave approximation is

H(t) = —§[9R|1><0|e"“><” + Q3l0) (1], (DI)

where Qp is the Rabi frequency of the driven qubit. Theo-
retically, we need to start a quench process from infinitely
negative time, which is unrealizable experimentally. Actually,
we quench the state from a finite negative time with a relative
large detuning —A( with Ay > Qp, as a substantially equiva-
lent method. In this circumstance, the state should be prepared
on the ground state of the Hamiltonian with large detuning
before the quench process, which can be realized by rotating
|0) along a vector in the equatorial plane. The phase function
®(¢) corresponds to the azimuthal angle of the rotation axis
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on the Bloch sphere. The Hamiltonian in Eq. (D1) represents a
qubit rotation operation when the ®(¢) of a pulse is a constant.
The pulse length (f = 6 /2g) for preparation is determined by
the polar angle 6 of the ground state. In the quench stage,
®(¢) changes with some quench rate v: O(¢r) = %vtz. The
composited ®(¢) in Eq. (D1) with the above preparation and
quench processes can be derived in a piecewise function

qDI + % (t()a tl)
D) = .
zvt (tla t2)5
where ) =t — (m — 601)/Qg, t1 = —Ap/v, 6; = arctan oy

vty ?
and ®; = Jurf.

APPENDIX E: QUANTUM STATE TOMOGRAPHY

The state of the qubit is determined by a destructive readout
through the resonant fluorescence and reconstructed using
state tomography. Any single-qubit density matrix o can be
uniquely represented by four parameters {So, S;, S2, S3}:

3
L1 .
p=3 ?:0 Si6i, (E1)

where the 6; matrices are

a=(o o= o)

A (0 —i) . (1 O)
2=\ 0)%2= -1)
and the S; values are given by S; = Tr{6,;p}. We construct

these four parameters according to specific pairs of projective
measurements:

(E2)

So = Po) + Py,
81 = Px), — Px)_,

S2 = Piy), = Pr)_,
S3 = Po) — Py,

(E3)

where Py is the measured probability that the state is in [yr),
X))y = %5(|0) +11)), and |Y), = \/%(|O) £ i|1)). Then the
density matrix of the final state can be reconstructed according
to Eq. (E1). We tested the state v for all parameters, and
confirmed that the preparation fidelity of v is above 99%.
For convenience, we show the tomography result of the initial
quenched state at (t = 0.22, k = 0.66) in Fig. 6.
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