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Abstract—The general principles of the unidirectional emission
of a high-Q whispering gallery mode (WGM) in deformed circular
microcavities are studied and presented in this paper. In the phase
space of deformed microcavities, light in the chaotic sea leaks out
from the cavity through specific refraction regions, the positions of
which are determined by the stable islands and the unstable man-
ifolds. By changing the cavity shape, we can tune the positions of
the refraction regions, as well as fixed points, to achieve unidirec-
tional emission with narrow angular divergence. The microcavity
with high-Q and unidirectional emission makes high-efficient free-
space excitation and collection possible; thus, it can be applied for
far-field detection of nanoparticles and low-threshold lasers with
collimated emission.

Index Terms—Asymmetric resonant cavities, directional emis-
sion, laser resonators, microcavities, ray chaos, whispering gallery
mode (WGM).

I. INTRODUCTION

R ECENTLY, dielectric microcavities as high-potential ele-
ments for integrated devices have attracted increasing at-

tention. Special attention is paid to the whispering gallery mode
(WGM) microresonators, because this rotational symmetrical
structure can well confine energy by total internal reflection.
The unique features of WGMs, high-quality (Q) factor and
low-mode volume, allow them to be applied in wide ranges,
from nonlinear optics, low-threshold lasers, sensitive sensors,
to cavity quantum electrodynamics [1]. However, the isotropic
emission property of WGMs results in the low efficiency of the
free-space coupling to cavity. Although the near-field coupling
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components can be used to solve this problem, the large foot-
print and poor capacity of resisting disturbance will also be a
big obstacle in practical applications [2]. It is found that the
slightly deformed circular microcavity, also called asymmetric
resonant cavity (ARC), can radiate light in certain directions.
The ARCs, such as the extensively studied quadruple [3]–[7]
and stadium microcavities [8]–[10], can be efficiently excited
and collected in free space, which make them very useful for
strong photon–atom coupling [11], laser [12], and quantum op-
tomechanics [13], [14]. In addition to the easy free-space cou-
pling in optical applications, the deformed microcavities can
also serve as open billiards for experimental research on quan-
tum chaos [15], [16].

In order to make free-space excitation and collection of
WGMs more efficient in practical application, people are pur-
suing cavities emitting in single direction with narrow angu-
lar divergence, such as spiral-shaped [16]–[19] and rounded
isosceles triangle-shaped [20] microcavities. However, their
low-Q factors greatly limit the applications in low-threshold
laser and cavity quantum electrodynamics. To solve this, sev-
eral strategies like introducing extra defect or cavity to the
resonator have been proposed, and collimated unidirectional
lasers have been demonstrated in experiments [21]–[23]. It is
still recent that the fabrication-friendly limaçon-shaped micro-
cavities with both unidirectional emission and high Q are the-
oretically proposed [24] and experimentally realized by sev-
eral groups [25]–[28]. However, the unidirectional emission of
limaçon-shaped microcavity is valid only for high-refractive-
index materials (n > 2.7). There is still no report of high-Q and
unidirectional emission in low-refractive-index microcavities,
such as silica (n = 1.45).

In this paper, we studied and summarized the principles of
unidirectional emission of high-Q WGMs in ARCs. By symme-
try analysis, we get the necessary conditions to achieve the high-
Q and unidirectional emission in an ARC: the cavity boundary
should be smooth and slightly deformed from a circle to sup-
port WGMs, and the cavity should have no more than one axis
of symmetry and onefold rotational symmetry. With detailed
analysis based on ray dynamics, the phase-space structure re-
quired for unidirectional emission is given. Thus, the boundary
shapes corresponding to such specific phase-space structure can
be found by ray simulations. Taking the silica material as an
example, we successfully designed a cavity boundary shape.
The wave simulation shows that the emission peak with di-
vergence angle less than 30◦ contains 75% of total radiation
power, verifying the unidirectional emission of high-Q (3.56 ×
105) WGMs.
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II. PRINCIPLE

In the beginning, we analyze the symmetry of cavity to de-
duce two necessary conditions for high-Q and unidirectional
emission in an ARC. First, the deformation of an ARC from a
circular cavity should be slight, since high-Q WGMs are sup-
ported under continuous and smooth boundary. In such a de-
formed microcavity, light can be well confined in the cavity
when the incident angle is close to π/2, corresponding to the
rays localized high above the critical line in phase space. Light
of the high-Q WGMs can only leak out from the cavity through
tunneling to the lower part of phase space. Second, the boundary
shape should have no more than one axis of symmetry. Because
for planar deformed cavities, two or more lines of symmetry
or m-fold rotational symmetry with m > 1 will lead to at least
two emission directions in far field [3]–[10]. Therefore, one way
to achieve unidirectional emission is to design an appropriate
cavity shape with only one axis of symmetry and make the
pair of emission beams from symmetric clockwise (CW) and
counterclockwise (CCW) traveling modes parallel to the axis of
symmetry.

According to the aforementioned guidelines, the cavity
boundary can be expressed in a general form

R(φ) =

{
R0(1 − ε

∑
aicosiφ), −π/2 < φ ≤ π/2

R0(1 − ε
∑

bicosiφ), π/2 < φ ≤ 3π/2
(1)

where φ is the polar angle about the symmetric x-axis, ε is the
general deformation, and ai and bi are coefficients with i � 2.
For the cavity described by this expression, the boundary is
continuous and smooth everywhere. For simplicity, we cut off
the high-order terms, i.e., ai = bi = 0 for i � 5, to keep the
boundary varying slowly. In addition, to ensure no more than
one axis of symmetry, at least one inequality needs to be hold
among a2 �= b2 , a3 �= −b3, and a4 �= b4 .

Fig. 1(a) shows a general boundary shape for unidirectional
emission, which satisfies the two necessary conditions analyzed
earlier. Rays whose incident angles χ are larger than the critical
angle χc (sinχc = 1/n, and n is the refractive index of the cav-
ity) will continuously reflect on the boundary, forming WGMs,
and leak out from cavity through barrier tunneling or refraction
when χ < χc . In both cases, the leaked rays are nearly tangent
to the cavity boundary. Therefore, for unidirectional emission,
we assume that the CW waves mainly leak at the lower pole
while the CCW waves at the upper pole of the cavity as shown
by the thick green arrows in Fig. 1(a).

In order to study the underlying mechanism in detail and find
the further requirement of unidirectional emission, we take the
simple half-quadrupole-half-circle (HQHC) cavity [29] as an
example [see Fig. 1(b)]

R(φ) = R0

[
1 − 1 + sign(cosφ)

2
εcos2φ

]
. (2)

In the limit of R0 � λ, light in cavity can be treated as rays.
Although the wave nature of light is important in a microcav-
ity, the ray dynamics is still an efficient tool to analyze and
understand the emission properties of ARCs [30]–[34]. The se-
quence of rays reflected inside the cavity in real space can be

(b)(a)

(c)

Fig. 1. (a) Schematic illustration of the unidirectional emission from the one-
axis symmetric microcavities. (b) Ray trajectories inside a HQHC microcavity
with ε = 0.11. The blue lines and red dashed lines are the stable and unstable
period-3 orbits, respectively. (c) Phase-space structure of the HQHC cavity. The
blue circles and red diamonds show the stable islands and fixed points of the
unstable period-3 orbits, respectively. The red line corresponds to the critical
angle, and the green points show the unstable manifolds. Magenta points are
the collection of the locations where the refractions occur for the rays initially
distributed uniformly in the region sin χ > 0.7.

represented as the Poincaré surface of section (SOS) in phase
space. Each ray reflection on the boundary is recorded with
Birkhoff coordinates [35] (φ, sinχ), where φ and χ denote the
polar angle of reflection position and incident angle, respec-
tively. By simulating the consequent reflections of rays with
random initial positions and incident angles, we can get the
SOS of the HQHC cavity by treating the cavity as a billiard [15],
which is shown in Fig. 1(c). Here, we only consider CCW prop-
agating rays (sinχ > 0), while the CW SOS can be obtained by
symmetry transformation.

In the cavity with continuous, smooth, and slightly de-
formed circular-like boundary, there usually exist periodic,
quasi-periodic, and chaotic ray trajectories, corresponding to
the stable islands, Kolmogorov–Arnold–Moser [35] curves and
chaotic sea in phase space, respectively. In addition, in the phase
space of 2-D ARC, these different structures are mutually iso-
lated. In real space, rays in the chaotic sea [see the black points
in Fig. 1(c)] show chaotic motions, while the conserved rays in
stable islands [see the blue curves in Fig. 1(c)] correspond to
stable period-3 orbits [see the blue solid lines in Fig. 1(b)] [35].
Schwefel et al. [31] have shown that the rays in the chaotic
sea will evolve following the unstable manifolds [see the green
curves in Fig. 1(c)] and leak out when they cross the critical line
(sinχ = 1/3.3) [see the red line in Fig. 1(c)].

Now, we can generalize the mechanism of the directional
emission in the HQHC cavity. In a slightly deformed circular
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cavity, there exist WGMs whose energy can be localized high
upon the critical line in phase space. A portion of energy will
directly leak out through barrier tunneling at curved dielectric
interface [36] when the incident angle of ray χ > χc . Another
portion of energy will enter into the chaotic sea through dy-
namical tunneling [15], then follows the manifolds and refract
out quickly after few reflections. The special regions where the
nonuniform manifolds and critical refraction line cross corre-
spond to the place where most rays refract out on the boundary
and lead to directional emission. By setting initial rays uni-
formly distributed in the region of sinχ > 0.7, we get the areas
where those rays refract out [see the magenta points in Fig. 1(c)],
which are well consistent with the unstable manifolds.

The unstable manifolds cross the unstable fixed points [see the
red diamonds in Fig.1(c)] and surround the stable islands [35];
thus, the relative positions of fixed points and islands determine
the shapes of manifolds and the regions on the boundary where
rays refract out (we call them “refraction regions”). In the case of
HQHC cavity in Fig. 1(c), the two stable islands in the center are
lower than the third island. Thus, there are two main refraction
regions at φ ≈ π/2 and 3π/2, corresponding to two directional
emissions with far-field angles of 180◦ and 360◦. In addition,
the fixed point before the refraction region at φ ≈ π/2 is lower
than that before the other refraction region at φ ≈ 3π/2, making
the manifolds here shorter and steeper. As a result, the light has
higher probability to enter the refraction region and leak out
of the cavity at φ ≈ π/2. Likewise, the CW propagating rays
leak out from the boundary at φ ≈ 3π/2 and emit to the same
direction with CCW propagating rays. Therefore, we can expect
unidirectional emission in the HQHC cavity. By the modified
Fresnel law [36] weighted ray simulation, we can get the far-
field distribution by summing up leaked energy of all refraction
events. The unidirectional emission is clearly shown by the peak
in Fig. 2(b).

By applying the boundary element method to solve the
Maxwell equations numerically [37]–[39], we can observe the
high-Q WGMs in this HQHC microcavity. Fig. 2(a) shows the
electric field intensity distribution of the quasi-fundamental (ra-
diation quantum number q = 1) transverse magnetic (TM) po-
larized WGM, and Fig. 2(b) shows the corresponding far-field
distribution of odd and even parity WGMs. Both the tangent
light emission from φ ≈ π/2 and 3π/2 in the near-field pattern
and the unidirectional far-field distribution are consistent with
our prediction by ray models. The transverse electric polarized
modes have similar optical properties, and the results are not
shown here. By projecting the wavefunction of the WGM into
the phase space by the Husimi-Q function [40], [41], we can
further study the correspondence between the ray model and
wave simulation. The Husimi distribution under the critical line
is concentrated around φ = π/2 and 3π/2, which corresponds
to the refraction region predicted by ray model in Fig. 1(c).

III. DESIGN THE ARC FOR LOW

REFRACTIVE INDEX MATERIAL

As discussed earlier, we can tune the boundary shape to adjust
the phase-space structure and control the emission direction of

(a) (b)

(c)

Fig. 2. (a) Spatial distribution of the TM polarized quasi-fundamental WGM
in HQHC, with kr ≈ 26.15 in vacuum and Q = 3.3 × 105 . The field outside
the cavity is magnified for clear illustration. (b) Far-field patterns for the TM
polarized mode from ray (red) and wave (blue and green lines for even and odd
parity modes) simulations. (c) Husimi distribution of the mode and the SOS in
phase space. The Husimi function below the critical line is magnified.

ARCs. Here, we take the extensively studied silica microcavities
(n = 1.45) as an example, and design a boundary shape for
high-Q and unidirectional emission by simple ray simulations.

Similar to the role period-3 orbits in high-index cavities
(n = 3.3), the period-4 orbits mainly determine the silica cav-
ity’s directional emission since they are close to the critical
line. In the x-axis symmetric cavities, there are rectangle- and
diamond-shaped period-4 orbits. According to the Poincaré–
Birkhoff fixed point theorem, one of them is stable while an-
other should be unstable. Thus, there are two different types
of the structure. The first type of the cavities supports stable
diamond and unstable rectangle orbits. For example, the HQHC
cavity with ε = 0.10 is shown in Fig. 3(c). The detailed SOS [see
Fig. 3(a)] shows that the stable period-4 islands near the critical
line prevent the emission around φ = ±π/2, and allow the direc-
tional emission from the refraction regions around φ = ±π/4.
By the ray simulation with modified Fresnel’s law, the multidi-
rectional far-field distribution is calculated in Fig. 3(e), which
is consistent with the former experimental study on HQHC
microspheres [29].

Therefore, the unidirectional emission can only be realized
in the other type of cavities which supports stable rectangle
and unstable diamond orbits. In addition, the stable islands near
φ = 3π/4 and 5π/4 and the fixed point (the red triangle in
SOS) near φ = π/2 should be lower. To solve the problem, we
design the cavity with the assistance of a computer by randomly
choosing parameters (ai and bi , i = 2, 3, 4) and analyzing the
phase structure to check whether it satisfies the requirements.
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Fig. 3. Ray dynamics of two ARCs made of silica. (a) and (b) are the phase
space structures. The black dots are SOS, while the blue dots and red diamonds
are the period-4 stable islands and unstable fixed points, respectively. The red
line is the critical refraction line, and the green points show the unstable man-
ifolds. Correspondingly, (c) and (d) show the cavity boundaries and the ray
trajectories of stable period-4 orbits, while (e) and (f) are the far-field patterns
obtained by ray simulations with modified Fresnel’s law.

Afterward, the ray simulations are performed on selected cavity
shapes to obtain the far-field distributions.

We formulate the directional emission with the function of
directionality [25]

U = −
∫

I(θ)cosθdθ∫
I(θ)dθ

(3)

where I(θ) is the far-field intensity distribution. Finally,
we get the cavity of highest directionality (U = 0.53) in
an ensemble of 1000 cavity shapes, with the parame-
ters ε = 1.0, a2 = 0.2491, a3 = −0.0520, a4 = −0.0783, b2 =
0.2538, b3 = 0.0446, and b4 = −0.0214. The SOS and the sta-
ble rectangle period-4 orbit are shown in Fig. 3(b) and (d). It
satisfies the aforementioned conditions and gives good unidi-
rectional far-field patterns as shown in Fig. 3(f). Because the
SOS of this cavity assembles a monster face (two upper islands
and the island in the center assemble a face with two eyes and
a mouth on it, and two long islands around the “mouth” assem-
ble the beard), we call the particular cavity for unidirectional
emission the “Face” cavity.

(a)

(b)

(c)

(d)

(e)

Fig. 4. Spatial electric field intensity distributions of (a) quasi-fundamental
and (b) quasi-second-order WGMs in Face cavity with ε = 1.2, kr ≈ 80.85,
Q = 3.56 × 105 for the quasi-fundamental mode, and kr ≈ 81.14, Q =
2.77 × 103 for the quasi-second-order mode. The field outside the cavity is
magnified for clear illustration. (c) and (d) are the corresponding far-field dis-
tributions. (e) Husimi distribution of the quasi-fundamental mode and the SOS
in phase space.

With further study of the Face cavity against the deformation
(vary ε but fix ai and bi) by ray simulation, we find that the op-
timal deformation for unidirectional emission is ε = 1.2. Then,
taking these parameters, we verify the unidirectional emission of
the Face cavity by the wave simulations. Fig. 4(a) and (b) shows
the near-field patterns of quasi-fundamental and quasi-second-
order WGMs, with Q-factor up to 3.56 × 105 and 2.77 × 103 ,
respectively. The corresponding far-field distributions, plotted
in Fig. 4(c) and (d), indicate a narrow divergence unidirectional
emission, where more than 75% of total radiation emission can
be collected within 30◦ and 20◦, respectively. Fig. 4(e) is the cor-
responding Husimi distribution of the quasi-fundamental mode
[see Fig. 4(a)], which clearly shows the leakage of energy around
φ = π/2.

In Fig. 5, the dependences of directionality and Q-factor on
the deformation ε of the Face cavity are studied by wave sim-
ulation and compared with the results of ray simulation. With
the increase of the deformation, the Q-factor exponentially de-
creases. This is because the area of chaotic region increases
with the deformation, and the larger chaotic region will lead to
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Fig. 5. Q-factor and the directionality U of the quasi-fundamental WGM in
the Face-cavity vary with the deformation ε. The solid dots and circles are
results of wave and ray simulations, respectively.

easier escape from WGMs to the chaotic region by dynamical
tunneling. In addition, the barrier tunneling rate is enhanced at
some positions on the boundary when the radius of curvature is
reduced. In Fig. 5(b), the ray simulations show good agreement
with the wave simulations that the directionality first increases
and then decreases with increasing deformation. The wave simu-
lation shows the directionality U > 0.5 when ε = 0.9–1.6, with
the quality factor ranges from 108 to 104 . The tradeoff between
U and Q when ε is smaller than 1.5 can be explained as that
the increase of dynamical tunneling rate will lead more light
to refract out at the favorite point (φ = π/2) to increase the
directionality, which clearly indicates the important role the
dynamical tunneling played in the directional emission. When
the deformation further increases, the phase space structure is
greatly changed, and the leaking region is shifted away from
φ = π/2; hence, the directionality reduces.

IV. CONCLUSION

In conclusion, we proposed and examined the principles of
unidirectional emission of a high-Q WGM in deformed micro-
cavities. Based on the necessary condition of a continuous and
single-line symmetric boundary shape, we can well control the
directional emission from an ARC by setting boundary shape
to adjust the stable islands and fixed points of unstable orbits in
phase space. Actually, to some extent, the design of the dielectric
ARC for directional emission is the control of chaotic transport
in phase space [42]. Thanks to the ray-wave correspondence,
the cavity for high-Q and unidirectional emission can be ob-
tained by simple ray simulations. A simple fabrication-friendly
boundary shape is designed for silica ARCs. The wave simula-
tions show that the single major emission peak in far field from
high-Q (3.56 × 105) WGMs in it has a divergence angle less
than 30◦, but contains power as large as 75% of total radiation.
We expect such ARCs can be applied in high sensitive detec-
tions in far field [43] and low-threshold lasers with collimated
emission [44].
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